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Tekymasi Bepcusi 3anucu Jjekmuii Jlerueit Illkonwr-2012 FO.C.
Nnbanieako

B pycckom mexeme «Teopemas u m.d. — no-pyccxu

B aneautickom mexcme: picture —  figure

IIpucaamsv puc. % sex. 6, 7

1 On various definitions of attractors.

1.1 Introduction

In general, by attractor we understand an attracting set in a phase space of a
dynamical system. The word attractor was firstly mentioned by Auslaender
in his paper(?) in 1964. There is a great variety of rigorous definitions of
an attractor, serving different needs. Let us fix the notations: let F' be a
diffeomorphism of some manifold X with boundary or without it. In general,
we will denote by A an attractor of the system.

1.2 Maximal attractor

Historically the first rigorous definition of attractor was a definition of a
maximal attractor.

Definition 1.1. Suppose there exists an open set B C X such that f(B) C B
- then we can define so-called mazimal attractor in the following way (see
picture ?77?):

A = ﬁ F"(B)
n=1

Remark 1.2. The general definition of A,.. requires only a topological
structure on X which is defined since X is a manifold. We say that A, is
a global attractor corresponding to a pair (X, F') iff for a.e. point one of its
iterations eventually arrives into B. Note that here we need X be a set with
a measure. In the case X is a Riemannian manifold, the measure is defined
by a metric. Let us note, that in some sense the system chooses the attractor
for itself: to understand what points belong to attractors and what points do
not, we have just to put in work a mechanism of F, wait and then intersect.
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Puc. 1.1: The construction of A4z

Example 1.3. A simplest example of a map demonstrating a mazximal attractor
is a north-south map of a circle (pic. 7?): any open domain which doesn’t
contain a repeller S is mapped in a domain close to an attractor N: Apax =

N.

N

S

Puc. 1.2: A north-south map: the north attracts, the south repells

Example 1.4. Let us extend the previous example, i.e. let’s take an annulus
X, containing a circle with a north-south map f on it. The coordinates on
an annulus are chosen in such a way, that ¢ is an argument of a point on a
ring, x s its shifted radial coordinate: x = 0 on the circle. F is now given by

X

Fi(p.a)— (f9)5) (L.1)
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where f is the north-south map mentioned above. Here the south becomes a
saddle and the north becomes a node (picture 77).

In this case Amax = S* (if we choose B = X ) and that seems to be not
an appropriate result, because the answer An.. = N is expected intuitively.
Although if B is chosen properly (not containing S and its stable separatrizes),
then Amax(B) = N as it should be.

Puc. 1.3: North is an attracting node, south is a saddle

Example 1.5. As in the previous example let us define F by the same
formula (?7) but with another f: f has a single parabolic point P (picture 77?).
For such f, there is no open set which is mapped into itself so in this case,
F(X) C X, Anax = S'. But, as usually, our intuition requires the answer
Anax = P. However this ezample can not be saved by the choice of B.

The definition of A, has the disadvantage illustrated in the examples
above: first, a natural A.., # X doesn’t exist for all the systems. Second,
if we require the existence of A,,., we end up with having too many extra
points in the attractor. Nevertheless almost twenty years the definition of a
maximal attractor was the only one in a world of attractors.

1.3 Milnor attractor

In 1985 in his paper [Comm. of Mathematical Physics?| John Milnor introduced
a new concept of attractor. Let us give two equivalent definitions of the Milnor
attractor:
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Puc. 1.4: P is a parabolic point and a natural attractor

Definition 1.6. Ay is a minimal closed set containing w-limit sets of a.e.
point.

Definition 1.7. Ay is a minimal closed set such that

du(w) = d(f"(x), An) —— 0

n—oo

Milnor attractor Ay always exists, and Ay = N in the examples above.
In the case of f with a parabolic point Ay is Lyapunov unstable.

1.4 Minimal and statistical attractor

Definition 1.8. Let X be a metric measure space, and f : X — X a homeo,
for this map Agtat (Amin) is a minimal closed set such that Chesaro series
(the series of arithmetic averages) of d,(x) converge almost everywhere (with
respect to the measure on X).

1.5 Non-coincidence of attractors

From the definition follows
Amin g Astat g AM g Amax

Let us mention the examples of non-coincidence of these attractors:
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/,
}D

Puc. 1.5: Apax # Ay : A diffeomorphism of a circle with one parabolic point

Anax # Am: a diffeomorphism of a circle with a unique parabolic point p
(picture 7?), Apax = S, Ay = p.

Astat 7 A let us take a separatrix loop of a planar saddle S and a set
X an interior of the separatrix loop, the trajectories tend to the separatrix
(picture ?7?). If we take f = g} then Ay is a separatrix. However, Ay = S.
The time spent in a neighborhood of a saddle is growing while the time spent
near the other part of the loop is approximately the same.

/S ,

Puc. 1.6: Agay # An: attracting separatrix loop

Anin # Agtar: let us consider a vector field with one saddle and one saddle-
node with common separatrixes as on picture ?7. In this case Agar = SUSN,
Apin = S. See the result of V. Kleptsyn in ETDS, 2006.

A theorem by A.Gorodetskij states that all the attractors coincide in a
case of hyperbolic diffeomorphisms.
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—

Puc. 1.7: Apin # Agar: @ vector field with a saddle and a saddle-node

1.6 Main problems

Problem 1.9. Could the inequalities A, # Agat # Am be obtained for
diffeomorphisms in a finite codimension?

Problem 1.10. How generic are the systems (diffeomorphisms) such that
Anax # Au? In other words, how often A, is Lyapunov non-stable?

Remark 1.11. The codimension 1 answer is easily given by NH: non-hyperbolic
diffeomorphisms.

A generic family of diffeomorphisms intersects NH by some isolated points.

There is an unpublished result by V.Kleptsyn that non-coincidence of
Milnor and statistical attractors could be obtained in a Cantor set of points
in a generic family (Cherry cell).

Definition 1.12. For a diffeomorphism f and a continuous function ¢ : X —
RY(C?) let us define B, (v) = 2 3707 (f*z). Then a time average is a limit

p(r) = lim P, (x)

n—~oo

The basic result in ergodic theory is the Birkhoff-von Neumann ergodic
theorem about the existence of time averages.

Theorem 1.13. If f preserves some measure pn on X then @ exists p-almost
everywhere on X for every p € C(X) (and even ¢ € L*(X)).

But f can easily not preserve a Lebesgue measure which is essential, so
let us ask a question of such kind: let f be a diffeomorphism of a smooth
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manifold, 1 a Lebesgue measure and ¢ a continuous function on X. Does
exist almost everywhere in a sense of Lebesgue measure?

In general the answer is no and the Bowen example shows it: we consider a
vector field with two saddles S; and S,. Suppose S; and Sy have two common
sepatrixes. Then with eigenvalues of linearisation in S; and Sy wisely chosen
a one-time map of such a vector field serves as an example. Take f = g} and
a continuous function : p(S;) = 1, p(S2) = 0. This function doesn’t have a
time average, because @,, oscillate between 0 and 1.

Puc. 1.8: A vector field with two singular points S; and S5

Suppose a dynamical system is not like a Bowen’s one, i.e. for any ¢ € C?
the limit () exists almost everywhere (in a sense of Lebesgue measure) and
doesn’t depend on the point. Then the map ¢ +— @ is a continuous linear
fuctional. As we know, any continuous functional on C is a measure in a
sense that @ = const = [ pdu almost everywhere. Such measures p are
called SRB-measures (Sinaj-Ruelle-Bowen). There exist beautiful conditions
for the existence of SRB-measure.

There is a famous Palis conjecture which attracts lots of interest in
dynamical systems research. This hypothesis states that Bowen example is
an exceptional case.

Conjecture 1.14. For a generic diffeomorphism there exists an SRB-measure.

Palis considers that’s true, Ruelle and Takens claimed an opposite conjecture,
and no one knows who is right.
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2 SRB measures and Palis paradigm

2.1 A Cherry Cell

A Cherry cell is a surgery of a vector field on a torus, which is constructed
as follows. Consider a constant vector field v on T?. Let us make a surgery of
v by choosing a domain in the phase space and modifying the phase portrait
of v in this domain in such a way that in the neighborhood of the boundary
the vector field doesn’t change.

Let this domain be a flowbox. We take one trajectory in a flowbox and
split it with two singular points S and R as shown on figure 77

Puc. 2.1: A Cherry cell

Then we modify the other trajectories in such a way that S becomes a
saddle and R becomes a repelling node. Separatrices of the saddle forms a
picture which looks like a wineglass. It is informally called a cup.

Denote by v, the vector field with two singular points obtained after a
described modification — it is called the Cherry cell.

Lemma 2.1 (7). There is an alternative for a Cherry cell:

1) The incoming separatriz W* of the saddle S is absorbed by the cup when
the cup is extended forward;

2) or the separatriz is not absorbed and its extension is dense outside the
extension of the cup.
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We call vector fields of type 1 those Cherry cells v, that correspond to
a first part of an alternative. The vector fields of type 2 correspond to a
second part of an alternative. Let us now consider the perturbed vector field
Vee = Ve + (0, €).

Remark 2.2. If it were not v, but v the parameter ¢ would simply change
the direction of the constant vector field.

Theorem 2.3 (Kleptsyn, 2004). If v.. is of type 2, then Ayy = CIW*® and
Agtat = S. Moreover, the type 2 Cherry cells are rare:

E = {¢c|v.. is of type 2} = mes £ =0, dimy F = 0.
Here dimpyg is the Hausdorff dimension.

Let us give an idea of the proof of non-coincidence of Ay and Aga::

The repelling node R inside the cup repels everything to the boundary of
the cup. Note that if the vector field is of type 2 the boundary is included
into C1W?*. Therefore Ay = C1W*.

Recall that Ag.: is such a set that almost all the points spend almost
all the time in its neighborhood. The proof is based on the idea that the
trajectories live longer near the saddle point than near the regular points and
therefore S becomes a statistical attractor. A nontrivial part is a calculation
showing that the average time the trajectories spend near the saddle tends
to 1.

It is easy to construct a codimension 1 set in a space of vector fields that
serves as an example of non-coincidence of Milnor and statistical attractors:
for example, all vector fields with an attracting separatrix loop. This set
intersects a generic 1-parameter family by the isolated points.

Using a construction of a Cherry cell, V. Kleptsyn showed that a generic
1-parameter family and the set of maps for which Ay # Ag.e may actually
intersect each other by a set of Cantor type.

2.2 SRB-measures

Definition 2.4. A measure p is called invariant with respect to the map f
if u(f~*(A)) = u(A) for any measurable A.

Theorem 2.5 (Krylov—Bogoljubov). Any diffeomorphism of a compact manifold
admits an invariant measure.
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Definition 2.6. An invariant measure p is called ergodic if for every invariant
measurable set A either u(A) =0 or u(A) = 1.

Examples

1. A rotation of a circle S' = R/Z by an angle a ¢ Q. The Lebesgue
measure on the circle is an ergodic invariant measure.

2. A rotation with a € Q. The Lebesgue measure is invariant but not
ergodic.

3. A hyperbolic diffeomorphism of a circle (for example, a north-south
map). Invariant measures sit on periodic orbits. If the support is a
periodic orbit, then the measure is ergodic.

Exercise 1. Prove the statements given in the examples.

Ergodic theory from the very beginning deals with a map that preserves
some fixed measure, while the theory of dynamical systems begins with a
map without any measure fixed a priori. In some sense, the theory of SRB-
measures is an attempt to unite these two approaches.

SRB-measure could be defined for any diffeomorphism (or endomorphism,
i.e. circle doubling map) f of a compact manifold onto itself. Let us first give
a way to “check” the existence of SRB-measure before giving an explicit
definition.

For every ¢ € C(X) we define the time average

p(x) = lim —Zw (¥ ()

n—+oo N,

if this limit exists.

Suppose that ¢(z) is defined for every continuous ¢ in Leb-a.e. z and
does not depend on x. Then this time average is a bounded linear functional
on C'(X), therefore it may be considered as a measure More exact, the Riesz
theorem says that there is a charge p such that p(z) = [ + pdp. The definition
of our functional imply that it is positive for p081tlve ©, SO [ IS a measure.
It is called an SRB-measure. A formal definition follows.

Definition 2.7. A measure p is called an SRB-measure if for every ¢ € C'(X)
the time average ¢(x) is defined Leb-a.e. and ¢(x) = [ ¢dpu.
X
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If the SRB-measure exists, it is unique since the Riesz theorem gives
only one measure associated with linear functional. The result of Krylov-
Bogoljubov procedure (if we start from Lebesgue measure) coincides with
SRB-measure.

Conjecture 2.8 (Palis). SRB-measure generically ezists (for diffeomorphisms
of closed manifolds).

In this direction we have

Theorem 2.9 (Bowen, 70s). Hyperbolic diffeomorphisms admit the SRB-
measure.

Examples of hyperbolic diffemorphisms: Anosov map of a torus (21),
Smale—Williams solenoid.

The theorem of Bonatti and Viana proves the existence of SRB-measure
in a partially hyperbolic case with some additional assumptions.

Theorem 2.10 (Ruelle). SRB-measure depends smoothly on a hyperbolic
map. For example, if one considers a 1-parameter family of diffeomorphisms
fe, its SRB-measure can be written as p. = po + i’ + o(g).

2.3 Palis paradigm

The Palis conjecture about the generic existence of SRB-measures is actually
only one part of the Palis paradigm. Historically, the previous paradigms
were:

1. Andronov: generic diffeomorphism has but a finite number of periodic
orbits. (Holds true true for diffeomorphisms of a circle and flows on a
two-sphere.)

2. The Smale paradigm about the Morse-Smale diffeomorphisms, which
happened to be not true: generic systems are Morse-Smale ones

3. The Smale-Arnold (?) paradigm emphasizing the hyperbolic systems,
which also is not true: generic systems are hyperbolic

Another part of the Palis paradigm is the finitude of the Palis attractors.
What does it mean?
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Definition 2.11. Invariant subsets of Milnor attractor A;; on which the
map is transitive are called the components of Ay or Palis attractors.

For example, every attracting periodic orbit is a Palis attractor.

Conjecture 2.12 (Palis). A metrically generic diffeomorphism has Ay with
a finite number of components.

For hyperbolic systems, this conjecture holds true (Smale theorem). For
non-hyperbolic systems, it is open. Moreover, well-known Newhouse effect
can be considered as a “counterexample” to the conjecture.

Conjecture 2.13 (Thom). Generic dynamical system has a finite number
of attracting periodic orbits.

But in 70s Newhouse proved the

Theorem 2.14 (Newhouse). There exists a domain in the space of diffeomorphisms
of S? such that a topologically generic map from this domain has an infinite
number of attracting periodic orbits.

Actually, it is not a counterexample to Palis conjecture. It is important
that this theorem deals with the topological genericity while Palis conjecture
refers to the metric genericity, so they are not in contradiction. More accurately:

Definition 2.15. A property A is called topologically generic in a domain U
of a functional space Func if the set {f € U|f has A} contains a countable
intersection of open dense subsets of U.

It is impossible to introduce a translation invariant measure on a functional
invariant Banach space, so one cannot say that “a property is metrically
generic if it holds for a set of full measure”. In fact, there exists various
approaches to the notion of metric genericity in functional spaces. The following
one is due to Arnold.

Definition 2.16. Consider finite-parametric family F' in a functional space
Func: let B C R" be a base of a family F: B — Func, F(B) = F. Property
A is called metrically generic in F if the set {a € B|F(«) has A} has a full
measure.

Definition 2.17. Property A is called metrically generic if it is metrically
generic for topologically generic family F in the sense of previous definition.

For example, the Liuvilles numbers are topologically generic, but not
metrically generic.
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3 Second part of Palis hypothesis: Newhouse
effect

3.1 T'omokJMHMYECKOE IIepeceveHne

Paccmorpum smaeiiHoe ceyio Ha mwtockoctu (x,y) — (Az, py), rae 0 < A <
1 < p. ¥ mero ectb ycroituubas cernaparpuca y = (), HeycToiunBas cernapa-
tpuca r = 0, 1 TPAEKTOPHUU IOYTH BCEX TOYEK CTPEMATCH K HEYCTONYMBOIL
cemaparpuce B OyayIieM U K ycToifunBoil B mporaoM. OKa3bIBaeTCsl, 9TO Y
HeJIMHEHHBIX ceJlesT (TO eCTh HEMOJBUKHBIX TOUEK, JTMHEAPU3AIHsT B KOTOPBIX
SIBJISIETCsI JIMHEHHBIM CEJIJIOM ) JIOKAJIbHBIE CBOHCTBA Te Ke:

1) ectb rajikue cenaparpuchl (Teopema Anamapa-Ileppona);

2) KapTUHA TOIOJIOTUIECKU IKBUBAJICHTHA CBOEH JIMHEHHON YacTn BOIM3H
ocoboit Toukn (Teopema I'pobmana-Xaprmana)

['najkoit SKBUBAJICHTHOCTH HEJIMHEHHOrO ceJijia cBOeil JTMHEHHON JacTH,
BOOOIIIE TOBOPSI, HET, 9TO CJIEJlyeT U3 TEOPUH HOPMAJILHBIX (POPM.

[Ipemooxkum, 4To HEYCTONYNBaAS cenlapaTpuca HEOABUKHOM Touku YW
nepecekaer ycroiuupyio cenaparpucy VW, Touka ux repecedeHus sBJIsieT-
CdA TOMOKJIMHUYECKOU, TO €CThb CTPEMUTCH K OJHON U TOU K€ HEIIOABUXKHON
TOYKE TIPU TPAMBIX U OOpaTHBIX UTeparuax. Bce ee oOpasbl U MpooOpas3b
TaKKe ABJIAI0TCA TOUYKAMU Ilepecedennsi MHOroobpasmit W* n W?* B cuity nx
MHBapUAHTHOCTH. BO3HWKaeT TakK Ha3blBaeMas MOMOKJIMHUYECKas KapTHHA
(cm.puc. 77).

Puc. 3.1: Homoclinical picture
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3.2 Teopema Bbupkroda-Cwmeiisia

oMok TMHUYIECKOE TTepecedenne BjedeT 3a co0Oil HAJUYIne CUETHOrO UUC/Ia
MIEPUOINIECKUX OPOUT. DTO CBA3AHO C TeM, YTO JUHAMHUKA Ha HEKOTOPOM
HOJIMHOYKECTBE 33J1aeTcsd oTobpazkenneM 110 koBbl Cmeitia (em. puc. 77), Ko-
TOpPOE MUMEET CUYCTHOE TUCJIO MEPUOTUICCKUX OPOUT.

Puc. 3.2: Poxnenne nmoakosbl Cmeiina n3 TrOMOKJIMHAYIECKOTO IIEPECETEHIS

TODO: cmpeaowku na Kapmurke

3.3 T'mmepbosmdeckue MHOXKeECTBa

Definition 3.1. Ilycrs f: X — X — auddeomopdpusm, A C X — ero kom-
[TAKTHOE MHBapHUAHTHOE IOAMHOXKecTBO. MHOXKecTBO A THIEPOOINIHO, ecIn
(a) mma Beex p € A cymectsyer pasnoxenne T,X = EY @ E5, 910 pas-
JIO’KEeHHe HelPEePbIBHO 110 p 1 UHBAPUAHTHO oTHOcUTe bHO df (T.e. df (E)) =
EY,, df(E;) = E5,)) u dim E}} e 3aBucut or p.
(6) df cxkumaer E® u pactsrusaer EY:

N € (0,1): Yo € E* |df (v)] < Alv], Vv € E" |df (v)| > X7 |v] (3.1)

Example 3.2. Jlunetino corcumarowan HenodsuHCHAL MoYKa 2unepbosutHa

¢ dim E" = 0, cedaosan nenodsusrcHas mouka Ha NAOCKOCTU 2unepoosuHa
cdimBEY =dim E° = 1.

Theorem 3.3. Yepes kaotcdyro mouky 2unepbosuteckozo MHOHCECMEA NPO-
xodum 06a NOKAAOHWE (M.e. 3a0aHHVT 6 OKPECMHOCIU MO MOYKY) MHO-
2000pasus W* u W*, maxux wmo W* xacaemcsa E*, W? xacaemcsa E°; omu

This is DRAFT version. Send all corrections to ilya at schurov dot com



DRAFT revision 1338:31.7.2012 c.17

cemeticmea MH02000pa3ull UHEAPUAHMHYL (MAKOE Cemeticmeo MHO2000pa3ul
HA3BLBAEMCA NAMUHAUUET).

3.4 T'mmepbosmdyeckoe MHO>KECTBO TOMOKJIMHUYIECKOTO TTe-
pecedeHust

Psnom ¢ TOYKOIT TOMOKJIMHUYECKOTO TIepeceveHns MOYKHO HANTH TOTKOBY, &
3HAYUT €CTh WHBAPpUAHTHOE THIIEPOOINIEeCKOe MHOXKECTBO U MHBapUaHTHBIE
JaMUHAIIIN.

3.5 KapTI/IHKa ITannca m roMOKJIMHNYECKNE KacaHUS

N3zobpa3zum Mup Bcex JuHaMUUecKnX cucteM. B 60-e rogbl sTa KapTHHKA
[IPEJICTAB/IAIACH TaK: €CTh DOJIBIIIOE MHOXKECTBO TUIIEPOOJIMIECKIX CUCTEM, &
OCTAJIbHBIE CUCTEMbI JIE’KAT B HEM3ydeHHOM TeMHOM Mwupe. B 70-e rumepbo-
JingecKas o0JIaCTh CTaJla Ka3aThCd MaJeHbKOMN, TEMHBIN MUP YBEJTHIUIICS, HO
B HEM IOSIBUJINCH U3ydeHHbIe Oesble Toukn. OIHOM U3 TaKuX TOYEK, KOTOPYIO
MOKHO Ha3BaTh CTPAHON UyJIeC, SIBJSIOTCI CUCTEMbBI ¢ TOMOKJIMHUIECKIM Ka-
canueM. VX m3ydeHune NnpuBejo K OTPUIATEILHOMY OTBETY Ha CJIEIYIONINI
porrpoc Pene Toma: BepHO Jir, YTO TUNINYHAS IUHAMHYIECKAS CHCTEMa MMEeT
KOHEYHOE YHCJIO0 MPUTATUBAIONINX Tepuoindecknx opout. Hanu4ane cyerno-
o YUCJIa TPUTATUBAIONINX HEePUOJIMIECKIX OPOUT JJIsd JIOKAJIbHO TOIIOJIOIU-
YeCKU TUINYHOIO MHOXKECTBA JUHAMUYECKUX CHCTEM, OJIU3KUX K CHCTEME C
TOMOK/TMHUYECKUM KacaHueM, Ha3bIBaeTcsd Asaenuem Hvrozrayca.

3.6 Opgna mpuTArHBaIoNiag nepumoandecKasi opouTa

PacemorpuM ipgMOyTroJIbHUK B OKPECTHOCTH TOYKU T'OMOKJIUHUYECKOTO Ka-
CaHUsl, BBITSHYTBII BJIOJIb YCTONYINBOI cenaparpuchl n Ogu3kuit K Heit. OH
MPUTSAHETCS K CeJJTy, & TIOTOM PACTIHETCs BIOJb HEYCTONYIMBOTO MHOTOO0OPA-
3, IO9TOMY HEKOTODBIIl ero obpas mnepeceder ero caMoro. Tenepsb BKIIOYUM
oTobOpazkeHue B OJIHOTIApAMETPUYECKOe CeMENCTBO, pa3pylialoliee KacaHue.
JL1s1 HEKOTOPOTO 3HAYEHUs TapaMeTpa U HEKOTOPOIl CTEIeHN pacCMaTpUBae-
Moro guddeomopdusmMa nenTpasbiag 4acTb TPAMOYTOJIbHIKA OyJ1eT 0TO0-
paxKaThCst BHYTpb cebst (M. puc. 77), 9T0 U JACT NPUTSTHBAOILYIO [EePHO-
JITIECKYIO OPOUTY.

[TokaxkeM, KaK CTPOUTH BTOPYIO NPUTATHBAIONIYIO TEPUOINIECKYIO Op-
OuUTy, OCTaJbHBIE CTPOATCH AHAJOTMIHO. ByJIeM MMOIb30BATHCA TEM, UTO CHU-
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Puc. 3.3: A construction of an attracting periodic orbit

CTeMBI C TOMOKJIMHIIECKNMI KaCaHUSIMU JIOKAJIBHO IJIOTHBI, 9TO MOACHIETCS
Huzke. [lycTb MbI y2Ke TIOCTPOUIN [TEPBYIO MPUTSTUBAIONLYIO IEPUOJIMIECKYIO
opOUTY, OHa BBIXKHMBAET IIPU MAaJIbIX BO3MYIIEHUSIX, TO €CTh BCTPEUAETCS Yy
Bcex oroOpazkenuit u3 Hekoropoit obstactu U. Haiinem B U cucremy ¢ romo-
KINMHNYECKNM KaCaHUEM. HOJH)SYHCI) OIIMCaHHBbIM BBIIIE PpEelIToM, BOSMYTUM
ee, He BbIXo/d 3 U, Tak, 4TOOBI HOSIBUJIACH BTOPAasi MPUTATUBAIONIALA TIePHU-
onmdeckasi opouTa. MbI MoKa3aJ/u, 9To I JII0OOro 7. MHOYKECTBO CHUCTEM C
N TPUTATUBAIOIIMMU [TEPUOIUICCKUMI OPOUTAMU OTKPBITO U BCIOY ILJIOTHO
B HEKOTOPOI He 3aBuCcdIeil or n 00JacTh, U3 Yero m CJaeayeT JIOKaJbHAas
TOITIOJIOTNUYECKAAd TUIINYHOCTDb ABJICHUA HbIOX&yC&.

3.7 KacaHue cjoeB JJaMUHAINI

yKa}KeM IIpUIUHYy, II0 KOTOpOfI CUCTEMBI C TOMOKJ/IMHNYECKNUM KaCaHUEM JIO-
KaJIbHO ILJIOTHBI, T.€. B OKPECTHOCTH BO3MYIIEHHOIO TOMOKJINHIIECKOTO Kacar-
HUSI MOYKHO HaiTH MOMOKJIMHIYEeCKne KacaHusd. KacaHne cermapaTrpuc oJIHOrO
cejla — sBJeHWe HeTunudHoe. B mpumepe Hpioxayca THIHIHOCTH KacaHUs
JIAaMUHAIUN JIOCTUTAETCS 38 CUET «I'yCTOTBI» THIEPOOJINIECKOTO MHOXKECTBA.
[Ipu BO3MYIIEHUN CUCTEMBI C «T'YCTBIM» THIEPOOJIMIECKIM MHOKECTBOM CHO-
Ba BO3HUKAIOT THIEPOOIMYECKOE MHOXKECTBO, YCTONYMBAA M HEYCTOWIMBAS
JIAMUHAIIAN. DTU JIAMIHAIIAN SBOIOIUOHUPYIOT, TTOJI00HO cerapaTprucam Ce/l-
J1a, TIOTOMY BO3HUKAIOT KacaHUsl, KOTOPhIE POXK/IAIOT IPUTATHBAIOIIIE [TePH-
OJINYECKNEe OPOUTHI.
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3.8 HeycroituuBbie arrpakTopbl MusHopa

PaccMoTpuM criefyiomee cTyleHdIaToe Kocoe mpomsbefenne: X = Y2 x R,
F: X — X (w,x) = Az, tme 0 < Ay < 1 < Ap, MM < 1. Iyers p — kored-
Hasg Mepa Ha R, Hanpumep, obpas3 Mepbl Jlebera mpu raJIkoM 0TOOParKeHUH
unTepBaia Ha npamyto. Torna Ay = 32 x {0}, u on meycroituus 1o JIsmyHo-
By. DTOT HPUMED HA3BIBACTCSA CTAHIAPTHBIM HEYCTOWYUBBIM aTTPAKTOPOM,
OH pa3pyMIaeTCsl MAJIbIM IIE€BEJIEHNEM, MMOCKOJIBKY OCHOBAH HA COBIAJIEHUU
aTTPaAKTOPa OJHOTO MOCTONHOTO OTOOPAYKEHHS ¢ PEIe/I/IEPOM JIPYTOro.

Henb: maiiTu 0bsacTh B PYHKIIMOHAILHOM IIPOCTPAHCTBE, OTOOpayKeHUs
13 KOTOPOI nMeroT HeycToiunBelii Ays. EcTh mporpamma, 1mo3BoJIsIONIast mme-
PEXOJIUTD OT CTYHEHYATHIX KOCBIX IIpOou3BejieHuil K juddeomopduszmanm, mo-
9TOMY MbI OYJ€M TBITATHCS CTPOUTH CTYIIEHYATOE KOCOE IPOM3BEICHUE C
HEYCTONYUBBIM aTTpakTopoM. HeycToiiunBocTh aTTpakTopa B PAcCMOTPEH-
HOM IIpUMepEe CBA3aHa C COBIAJICHUEM aTTPAKTOpa U peresjepa pa3sHbIX IMMo-
CJIOMHBIX OTOOPasKeHUt. DTO CBOWCTBO JIEMKO pa3pyIIaeTcs, [MOITOMY Oy/1eM
paccMaTpuBaTh aTTPAKTOPHBIE U PelesIepHbIe TOBEPXHOCTH, ITePECEKAIOITH-
ecsl HEyCTPaHUMBIM 00Pa30M. DTO MEPBBI UHIPEIUEHT KOHCTPYKITUH.

Bropoit uarpesmenT — auHeitHOE CeI0 ¢ OTHOMEDPHBIM CXKUMAOIIAM 1
JIBYMEPHBIM PaCTATUBAIONIMM MHOTOOOpasueM. ByjaeM cuuTaTh, 9TO pacTsi-
JKeHne BJIOJIb OJIHOTO U3 PACTATHBAIONINX HAITPABJICHUN OoJiee CUIBHOE, YeM
BJI0JIB Jipyroro. Yepes ycroitunBoe u cjrabo HEyCTONINBOE HAITPABJICHUST IIPO-
XOJIUT TEHTPATBHO-YCTORYINBAs TIOBEPXHOCTH. PaccMOTpuM KpUBYIO, Iepece-
KAIOIIYI0 ee TPaHCBEPCAJTBHO B TOYKE HEYCTONINBOTO MHOTOOOPA3Ms, CM. PUC.
?7?. Torma ee 0oOpa3bl OYIAYT CTPEMUTHCS K CHJIBHO HEYCTONYIMBOMY HAIIPaB-
JIEHUTO.

Puc. 3.4: Bropoit uHIrpe/inenT KOHCTPYKIIUKA: TPEXMEPHOE CEII0
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[TocTpoum nepBbiit Moje/IbHBIN TpuMep. [Tocoitabie oTOOpakenust n300-
pazkenbl Ha pucyske. Torma (Bce 9T0 moka He j1oKasaHo) Ay HepecekaeTcs
CO CJI0EM HaJI MOCJIeIOBATEIbHOCTHIO n3 oxuux Hyseil (0) mo KpuBoii Ay, a
epeceveHne co CJI0EM HaJl TOC/IeI0BATEIbHOCTHIO U3 OJIHUX €JIMHUI] MOYKHO
nostyauTh, urepupys Ag orobpazkenunem fi @ Ay N (1) = lim, o f1'(Ao). B
stom cirydae Ay N (1) Oyzer cojep:kaTh CenapaTpucy, COeJIUHSIONIY0 JiBe
MHBAPUAHTHBIX C(HEPBI, a TaKZKe KPUBYIO, COCMHSIONLYIO CEIJI0 I ATTPAKTOD
Ha TpaBoii cdepe BIOIb CUIBHOHEYCTONINBOTO HAIIPABJICHUSI, U M3-3a ITOrO
Oyzer HeycToitauBeiM (cM. pucynku 77, 77).

Puc. 3.5: Cenaparpuchbl u aTTpaxTop

Puc. 3.6: Tymannasa dbanrasus: kak ycrpoeH arrpakrop Musxopa?

OmmcaHHBI TpUMeEpP NMeeT DECKOHEUHYI0 KOPa3MEPHOCTD, ITOCKOJIBKY Ce-
IapaTpUCh ceJies Ha IpaBoil u JieBoii cpepax coBnagaioT. VIHTEpecHo mocMoT-
perh, UTO OYJET, ecjiu OHM He COBIAJAIOT, a IepeceKaroTces. I unoreTndeckoe
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HOJIOZKEHUE ATTPAKTOPHOI KpuBoii lim,, ., f1'(Ag) B 3TOM citydae uzobpazke-
HO Ha pucyHKe (77).

Puc. 3.7: Pagperiaem cemaparpucam repecekaTbCs: KakK Telepb YCTPOeH aT-
TpakTop?

[ToroM MO2KHO TTOPOOOBATH 3aCTABUTDH CEIIAPATPUCHI ITIEPECEKATHC HEYCTPa-
HUMBIM 00pa3oM Kak B dBjeHnn Hpioxayca 3a c4ueT rycTOThI rurepOomde-
ckux MHOXKecTB. TymanHas daHTa3us: TPOU3BECTH XUPYPIUIO — BKJIEUTH
BMECTO Ce/IeJT TI0 I'YCTOMY TUIEpOOJINIECKOMY MHOXKECTBY THIIA TIOIKOBBI (CM.
?7), a 3aTeM JOOUTHCS TEPECceveHNsl CEAPATUPHC CPEJCTBAMHE, TIOXOKUME Ha
ucrob3oBannbie Hbioxaycom.
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Puc. 3.8: Xupyprus ¢ Bielikoit mogkoBbl Cmeiisa BMecTo ruepbomaecKoro
ceJia

4 Gorodetsky-Ilyashenko strategy and intermingling
basins

4.1 Crparernsa I'opogenkoro-IlapsimeHKo

Hesnb crpareruun lopogenkoro—UibsnieHKo — MONCK TUITUYHBIX CBOWCTB -
deomopdusmos. B crparerun tpu mara. [lepsbiit — 00HAPYKUTH CBOMCTBO
JUTST CTYTIEHYIATOr0 KOCOTO MTPOM3BEICHNST, BTOPOil — IIepPeHeCTH CBOMCTBO CTY-
[IEHYIATOr0 Ha MITKOe KOCOe IMPOU3BeJIeHNe, TPETUH — BO3MYTUTH MATKOE KO-
coe mpousBejienne B Kiacce anddeomopdu3MoB, COXpaHUB CBOMCTBO. Ecim
He BO3HUKHET MPENSTCTBUil, ITOC/e TPEThEro Iara Mbl HOJyIUM 00JIacCTb C
HYKHBIM CBOICTBOM B IipocTpancTse juddeomopdusmon. B jiekiun onuiem
oO0Iuil BUJ CTPATErnN U BO3HUKAIONINE TPY/IHOCTH.

4.1.1 Cayuaiinbsie JIC — cTryneH4YaTbie KOCbI€ ITPOU3BEIEHUS

Paccmorpun mpoctpanctso X = Y¥x M, rae ¥¥ — mpocTpancTBo 1ByCTOPOH-
HUX [OC/Ie[0BaTeIbHOCTel 13 3jeMenToB Muoxkectsa {0, 1, ..k — 1}, a M —
KOMIIAKTHOE IJIaJIKOe MHOTooOpasue, ¢ KpaeM WM 3aMKHyToe. IlycTh o — Jie-
BBIIl CABUI B IIPOCTPAHCTBE IOcjegoBaTeabHocTell. Hazosem cmynenuamuim
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KOCHLM NPou3sedenuem 0TobparkeHne
F: X—-X, (w,z) — (0w, fu).

[Tocnoitnoe orobpazkenue f,,, 32aBUCUT TOJBKO OT HYJIEBOI'O 3HAKa IIOCJIE0Ba-
TEJILHOCTH W, TIO9TOMY Ha CJIOH JIEHCTBYIOT BCEro k Pa3jUYIHBIX MOCIONHBIX
orobpazkeruii. CTyneHIaThIe KOChIe TTPOU3BEIEHUsT MOICIUPYIOT CIIyIaiiHy 0
JIMTHAMUKY, KOTOPYIO MOPOXKaloT Ha M mocsoiiHble 0ToOOpaKeHus, eC/In UX
[PUMEHSTH B IMPOU3BOJILHOM TOpsiaKe. [Ipumep Mbl TpUBOIMIA B TIPEIBITY-
Imeit JIEKITNU, B YaCTU O HEeyCTON4YMBBLIX aTTpakTopax Mmmnopa. [domyctnMm,
Mmbl yke noctpowtn CKII ¢ myxupivu cBoitctBamu. Ha ciemyromem mare
cTpareruu repeiijieM K juddeomopdusmy.

4.1.2 T'mankasa peajsmn3anus

[Ipusenem npumep riajkoit peanuzanun CKII. [lycts B — n1ByMepHBIi TuCK,
paccmorpuM guddeomopdusm

X=BxM, F: X—X, (bz)— (hb), fo(z)),

rme h — riajgkoe orobparkeHne jgucka B B cebsi, BKJIOUaonee B cedsa oTod-
pazkeHue MOJIKOBBI jjist obsacreit Dy, Dy (cm. puc. ?7?), u f, = fo, ecom b
npuaaiexxut Dy, f, = fi1, ecau b upunagnexxur D,. NaBapunanTHoe ru-
1epbOTMIECKOe MHOXKECTBO A MOJKOBBI MOYKHO 3aKOIUPOBATH OECKOHEIHBI-
MU JBYCTOPOHHHMU ITOCJIEIOBATEILHOCTAME U3 HYJIEll W €JIWHWUIL, TOITOMY
orpanndenue JF, JeficTByeT Ha A Kak cTylmeHYaToe KOCOoe IPON3BeIeHNe Hal
casurom Bepuymmm B Y.

O MH U3 HeJI0CTaTKOB IIOCTPOEHHO IIaIKoi peajr3aun — A He siBJIgeT-
cs aTTpakTopoM J, u CBOMCTBa KOCOTO MIPOU3BEICHUS] MOT'YT HE IIEPEHOCUTh-
csl Ha MOCTPOEHHYIO TVIAJKYI0 peanu3anuto. [Ipumepos ¢ 3amedare/bHBIME
CBOMCTBAMHU MHOT'O, OJHAKO MBI XOTUM HAXOIUTH IPdexmul, TUITHIHBIE s
1eJioit obsactu mpocrpancTBa guddeomopdusmon. B mepexomse or oaHOrO
oTOOparkeHus K THITUIHOMY CeMeHCTBY B (PYHKIIMOHATIHHOM IIPOCTPAHCTBE U
COCTOUT TPETHUii IIar CTpaTernu, moapodHee O HEM PACCKAXKeM B CJIE/IyIOIIei
JIEKITUN.

O mH u3 60J1ee TOHKUX, UeM BJIOXKEHNE TOJKOBBI B 0a3y, crtocoOOB CTriia-
quth CKII — BeiOpaTh orTobpaxkenumem B Oaze muddeomopdusm AHOcCOBA.
OtHako i HEero, Kak M Jijist TIOJIKOBBI, CJIE/lyeT BbIOMPATh TOMOTOIIHBIE T10-
CJIOMHBIE OTOOPAXKEHUS.

This is DRAFT version. Send all corrections to ilya at schurov dot com



DRAFT revision 1338:31.7.2012 c.24

Ly
2

21
@O/

Puc. 4.1: ITogkosa Cwmeitna

JIBe 3a/1a4n K TpeTheil JIEKIINN:

SBajada 1: Haiitn Ha TPsIMO J[Ba KAHTOPOBCKUX COBEPITIEHHBIX MHOXKE-
crea C' u D myJsieBoii Mepbl, Takue, 9to npu Jjiobom a u3 (0, 1) nepecedenne
(C' + a) (N D uenycro.

Sajiada 2: HaliTH B TPEXMEPHOM IIPOCTPAHCTBE JiBe HOJKOBbI CMeilna ¢
JIBYMEPHBIM PACTATUBAIONIMM HAIPABJICHUEM U OJIHOMEPHDLIM CXKHMAIOIINM,
TAKMX, 9TO OJJHOMEPHbIC HHBAPUAHTHBIE CJIOCHUS TIOJKOB IT€PECEKAIOTCS HEeyCTPa-
HUMO OTHOCHUTEJIHHO

a) CJIBUTOB

6) Bo3MyIeHUit ojHOM 13 MOAKOB juddeomopduzmamu.

4.1.3 Ot CKII K MATKNM TeJIbJIEPOBBIM KOCHIM ITPOU3BEIEHUIM

B CKII mocoitHoe oTobparkeHne 3aBUCENIO TOJBKO OT HYJIEBOTO 3HAKa, MOC/Te-
JIOBATEJIbHOCTH. B MATKNX KOCBIX MPOUBBEJCHUAX MOCIONHOE OTOOparKeHne
HEIIPEPBIBHO 3aBUCHUT OT BCEil TOCIIE0BATEHLHOCTH,

X=SFxM F: X=X, (w2)— (0w, f,x).

B crynenuyatom ciiydae MOXKHO SIBHO BBIIHCATH CYIHEPIIO3UIIUAIO TTOCTONHBIX
oTobpazkeHuil, KOTOpble AeHCTBOBAIM Ha, CJION 3a OOJIBIIOe TUCIO UTEPAIIHIA.
B Mmsrkom cirydae nsBecTHa MaJiad 9acThb OTOOparkeHMii, a ocTabHbIE OJII3-
K1 K M3BECTHLIM, ITO9TOMY MbI MO2KEM BBIIIMUCATL CYIIEPIIOSUIUIO TOJIBKO C
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HEKOTOPOIT TOYHOCTBIO, KOTOPAs MAJ/IAET, €CJIU YBEJIMINBATH YUCI0 UTEPAIUil.
HerounocTh mpoiiie KOHTPOJIUPOBaTh, ecjiin TpeboBarh 6ojiee CTPOroil 3aBu-
CHUMOCTH TIOCJIOWHOTO OTOOpaskeHus f,, OT ToUuKn w B Oaze. TpeboBanue rraI-
KON 3aBHCUMOCTH HEPEAJMCTUIHO, & HElPEPhIBHAS 3aBUCUMOCTH BKJIIOYEHA
B OIpEJIeJIEHNEe MATKOIO KOCOTO MPOW3BEJICHUS, MOITOMY HMOTpeOyeM <«4IyThb
OoJIbIIIe, YeM HEIPEPBIBHOCTU .

Definition 4.1. Msarkoe xKocoe mpomnsBejieHne HA30BEM 2EA50epo6biM C TI0-
KazateneMm « > 0, ecm

1fo = furlle < cod™(w, o).
Nuorna ymnodbuo 6parh HOpMY B CF k> 1.

Teopus Xuptmra—IIsio—Illyba yTBepxKgaer, urto, ecam TpedboBaTh OT KO-
COr0 TTPOM3BEJIEHUST YACTUIHON THIEPOOTNIHOCTH, TP MaJIOM BO3MYIIEHUN
B Kjacce quddeoMopdu3MOB CTPYKTypPa KOCOTO MPOU3BEICHUS BBIXKHBET:
CYIIECTBYET HEIPEPBIBHOE COIPsizKEHNE BO3MYIIEHHOTO JnddeoMopduzma
¢ HEKOTOPBIM HOBBIM KOCBIM IIpom3BejienneM. Vuade roBops, auddeomop-
¢usMm nepecraBiisier UCKPUBJIEHHBIE CJIOU, — 00Pa3bl CJI0EB KOCOTO IIPOU3Be-
Jiennd o jaeficrBueM conpsizkenusd. B Teopun Xupma—IIbio—I1ly6a mocioii-
HbIe OTOOParKEeHUsI TIOCTIe COIPIXKEHUsT 3aBUCIT OT TOYKN Oa3bl HEIIPEPBIBHO;
Anron [opomenkuit yCuana pe3yabTaTbl TEOPUH, TOKA3aB, 9TO 3aBUCUMOCTH
reJibJIePOBA.

4.1.4 Yem XopoIH TeJibAePOBbI KOCbIe ITPOU3BEICHUS
O6oznauum 4epes f, geiicrsue F* na cioit {w} x M. Oueumno, 9to
fw,k = fa'k—lw 6...0 fo‘w o fw-
YacTb 110oc/1e10BaTe/IbHOCTH 0003HAYUNM Yepe3
b _
W), = WaWat1-.-Wp.

OKasbIBaeTCs, B T'eJIbJIEPOBBIX KOCBIX IIPOU3BEIEHUSX MOYKHO OIIEHUTh HETOY-
HOCTH CYIEPIO3UINN ITOCTOMHBIX OTOOparKeHnit /i1t OJIM3KUX CJIOEB.

Lemma 4.2. [lycmv F — 2eavdeposo kocoe npoudsedenue, U nocacdosa-
meavnocmu w u w' bausku: w|* = W'|?* . Toeda oeparuvenus F* na coom-
BEMCMBYIOWUE CAOU DAUSKYU IKCNOHEHUUANLHO NO Kk 6 MmempuKe Henpepve-

HBLT 0MOoOPaHcenul.
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4.1.5 llokazaresu JIsammyHoBa

[Iycte F — jmudpdeomopdusm, £ — BEKTOpP KacaTe/ILHOTO ITPOCTPAHCTBA B
TO4YKe x. BBeaem

Az, €) = lim % In |[dF*(x)€).

[Iycts cymecTByer F-uHBapuaHTHasd Mepa (i, U JJIS [, TOYTU BCEX TOYEK
A(z,§) nIpuHIMAET JINIb KOHEYHOE YHUCJI0 3HAYEHU T TIPU U3MeHeHuHn &:

AM(z) > Ao(z) > o > N\().

Torma \; — noxazamenu Jlanynosa orodpaxkenus: F. Boobiie roBopst, mpe/iest
MOXKET He CYIIECTBOBATD.

Ecim mepa 1 sprogudana, TO MOYTH BCIOJY TToKasaTen JIamyHoBa He 3aBu-
caT or Touku x. Hazopem F-uHBapUaHTHYIO MEPY U 2unepbosuveckoli, ecin
JIJIST TIOYTHU BCeX TOYEK MoKazaTesu JIsimyHoBa OTJIMIHBI OT HyJsd. B mapaanr-
Mme [lanmca ectb ciejyromnias

Conjecture 4.3. (mempuyecku) munuunas ounamMuveckas cucmema 0oaa-
daem SRB-mepoti, u 6 munuunom cayvae SRB-mepa 2unepbosurna.

Hedopmabao roBopsi, runore3a yTBEp:K/IaeT, YTO B THITUIHON JTUHAMU-
9eCKOIl cucTeMe TPaeKTOPUU SKCIIOHEHITNAILHO ObICTPO pasberatorcs. Bo Bro-
poil YacTu TUIOTE3BI CYIIECTBEHHO, UYTO Mepa ecTh «dusundeckass» SRB-mepa.
KonTprpumep i «He(U3MIECKUX» MEP JIOCTABJIAET CIELyIOIIas TeOpeMa.

Theorem 4.4 (Toponernkuii, Mnbsmenko, Kienmpia, Hanbekuit). B omxpor-
MoMm MHOMCECMEE 6 npocmparcmee JuPPeomopPusmos cyuLecmsyrom uHea-
PUGHMHDLE IP200UMECKUE HE2UNEPOOAUMECKUE MEDDL.

['umioresy Mmoo chopmyauposaTs ne ynomunas SRB-mepy: s tunmd-
Horo guddeomopdusma Jij1d IOYTH Beex 1o Mepe Jlebera Touek moxkasaren
JIdmyHnoBa cyIecTByOT U BCe OTJIMYHBI OT HYJIS.

4.2 Ilepemexkarormecsa 6acceiiHbI ITPUTIXKEHUS

B Tpetbeii nexiun ObLT ipuMep HeycToitunsoro arrpakropa Mummopa. [Ipu-
BeJIEM IIPUMED KOCOTO TIPOU3BEJIEHNUS C TEPEMEKAIOIUMUCS DacceifiHaMu Tpu-
rszkenns. [loctponm Kocoe npoussenenne Ha auddeomopduszmom AHOCOBA
B TOpe,

X=Tx1I, F: (ba) (Ab, fy(z)), A= (? 1)
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Huddpeomopduszm AnocoBa A CTpyKTYPHO YCTONIHUB, TO €CTh IIPU BO3MY-
IIEHUSIX TIePEXOJIUT B CONpsizKeHHBIN cebe. Bresiem byHKIMM, onuckBaonme
MPUTsIKeHNe K KOHI[aM OTpe3Ka HaJl TOYKOM 0a3hl,

o(b) =In f3(0), @1(b) = In f3(1).

[Ipenmooxkum, 910 Kpas MHOTOOOpasust X 6 cpedHem npumsa2usarom, TO
eCTh

Az¢jdb<o, j=0,1.

[IycTp Takke rmocjoiinble 0TOOpaXKeHus KBaJIPATUYIHBI 110 T, U CyIIECTBYeT
[epuojinieckas Touka by, Takas, ITo

£500) > 1, fly, (1) > 1Vk € N.

BacceitnoM npuTsIzKeHHsST KOMIIOHEHTHI aTTpPaKTOPa HAa30BEM MHOXKECTBO
TOYEK, KOTOPbIE B OyJIyIIeM IPUTITUBAIOTCA K 3Toil KomioHeHTe. B mocTpo-
€HHOM IIpUMepe aTTpakTop MmuHOpa COBIAIAET ¢ TPAHUICH MHOTOOOPA3HS
X, 11pu 3TOM DacceiiH KarK10i 13 KOMIIOHEHT BCIOJLY IJIOTEH M B OKPECTHOCTH
KaxK oM TOYKH IOJIOKUTETLHON Mephbl. Takue 6acceiiHbl HA30BEM NepPeMedtca-
M0WUMUCA.

[Tonobuwrit ipumep noctpous B 1994 rogy Uram Kan it KOCBIX Ipo-
u3BejeHuil HaJ1 yaBoenuneM okpyzkunoctu. B 2008 Mnbamenko, Kirenmpba u
Hanbekuit mocTporin OTKpbITOe MHOXKECTBO AuddeoMopdu3MOB ¢ IepemMe-
sKarornmMucs dacceiinamu. OTHAKO BCe IPUMEPHI IIOCTPOEHBI JJIsI 0TOOpazke-
HUI, KOTOpPbIE COXPAHAIOT Kpaili MHOTooOpasusi. Bompoc o cylecTBoBaHUM
JIOKAJILHO TUITUYHOM ITepeMezKaeMOCT! 6acCeifHOB B KJIacce 3aMKHYTBIX MHO-
rooopas3nii OTKPHIT.
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5 Holder everywhere

5.1 Holder property

The map f : X — Y from one metric space to another is said to have Holder
property if there exist such C' > 0 and « > 0 that

vay €X dy(f(!L‘), f(y)) < Cadgé((xay)

« is called a Holder exponent, C, Holder constant.

Examples
L f(z) = [«|*
2. Cantor function (Devil’s staircase) on [0, 1]

Exercise 2. Find Holder constants for the examples above.

5.2 Topological conjugacy of expanding maps

Definition 5.1. Vector fields are topologically equivalent if there exists a
homeomorphism that conjugates the phase flows of these fields.

Exercise 3. Prove that stable linear planar node and a focus are topologically
equivalent.

We will consider the simplest example of a circle map f, that expands all
the arcs: a circle doubling map ¢ — 2¢, where ¢ is polar angle of a point
z in a circle S' = R/Z. This map is not invertible but it can be iterated
forwards. Let us split the circle into two parts:

Dy = {gp € [0,%)}

IVES {90 € [%,1)}

Consider the space E;f o of one-sided sequences of symbols 0 and 1, having
an infinite number of zeros. This space may be identified with the points of
the circle: a sequence wyw; ... is identified with the real number 0.wow; .. ..
The metric is inherited from the circle.
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Definition 5.2. The fate of a point # € S! under the map f, is a sequence
W = Wowiws . .. in ¥ such that w, = j < fo¥(z) € D;,j = 0,1. The map
®y, : ST — XF which brings a point into its fate is called a fate map.

Proposition 5.3. For any w € ¥ with an infinite number of zeroes there is
one and only one point x € S such that its fate coincides with w. So ®y, is a
1 —1 map from S* to 35 - a subset of ©F, containing the sequences without
a tale of ones.

Let us now consider a nonlinear circle doubling, that is a map f : S* — S*
such that it expands: f' > 1 and its lifting I to a real line R! has a property

Flx+1)=F(x)+2

For such a map a fate map ®; can be defined and an analogue of proposition
?7? holds. We shall call the maps of S* with these properties the map f has
2-expansions of a circle.

Corollary 5.4. If 0 : 3§ — X is a standart Bernoulli shift then @y, is a
topological conjugacy between fo and o. In other words, for any point x € S*

P, 0 folx) = 00 Oy ()
The same statement holds for o and ®; also.
The final statement is

Theorem 5.5. Any 2-expansions f and g of a circle are topologically equivalent,
i.e. there exists a homeomorphism h : S' — St such that

hog=foh

5.3 Holder conjugacy

A homeomorphism h conjugating two non-linear expansions f and g of a
circle may not be differentiable. However, it’s more than continuous. The
following theorem holds:

This is DRAFT version. Send all corrections to ilya at schurov dot com



DRAFT revision 1338:31.7.2012 c¢.30

Theorem 5.6. The conjugacy h has a Holder property with Holder constant
equal to o = % < 1, where A and p are the constants characterizing the
expanding.

In more details, X and pu are chosen in such a way that 1 < X\ < |f'| <

A < g'| < p.

Proof 5.1. The aim is to prove the Holder property for h, that is to show
that there exists a constant C' > 0 such that V z,y € S*: d(h(z), h(y)) <
Cd*(z,y).

Fix some 3 € (0

" 2p
—d(f;f() () is bounded from above by . So for points which

are uniformly far away from each other the Holder property holds for any
continuous function.

Let us take points z,y € S! such that d(z,y) < ». By iterating f, we
increase the distance between the images of initial points. So there exists an
iteration k such that the images X = f*(z) and Y = f*(y) are considerably
far away from each other: d(X,Y’) > s. For X, Y the Holder property holds:

s=) and note that for all z,y : d(x y) > s the fraction

max d(h(z),h(y ))
P

d(h(X),h(Y)) < Cd*(X,Y)

Since h is a conjugacy, ho f¥ = gFoh, then we can rewrite h(X) = gFoh(z)
and h(Y) = ¢* o h(y). Using also the estimates on expansion of f and g, we
can establish the following chain of inequalities:

d(h(x), h(y))A* < d(g" o h(x), g* o h(y)) = d(h(X),h(Y)) < Cd*(X,Y) <
< Cpfed(z,y)

a was chosen to satisfy the equation u® = A. The left-hand side and the
right-hand side of the chain of inequalities give the desired estimate.

The theorem ?7?7 was obtained by Anosov for all the hyperbolic maps
(reference: Katok-Hasselblat (7)):

Theorem 5.7. A homeomorphism conjugating two hyperbolic maps, has a
Holder property.

The idea of the proof of this more general theorem is the same as in 77:
the estimates have to be given on unstable and stable manifolds of a map.
Nevertheless, there have to be some assumptions on the uniform bound of
an angle between the invariant foliations.
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5.4 Skew products and their perturbations

The case of skew products and their perturbations continues the idea of
Holder conjugacies: indeed, after the perturbation of a skew product a new
diffeomorphism is obtained. This diffeomorphism may not be a skew product,
but there is a topological equivalence H of this diffeomorphism to a skew
product. However, H won’t be smooth, but only in fact Holder.

5.4.1 A skew product

Let a phase space X be a Cartesian product X = T? x M of a torus and
some closed manifold. Let us study a skew product

FiX = X, (bx)— (hb), f,(z)) (5.1)

where b is a point on the torus, and x is a point on M. We will call the

diffeomorphisms f,(z) parametrized by the points of the torus fiber-maps

and we suppose that f;, depends smoothly on b. To simplify, let us think that

h is a linear Anosov map of T?. Let X and pu be its eigenvalues, 0 < A < 1 < p.
Obviously, the following proposition holds:

Proposition 5.8. For a skew-product 7?7 there exists a projection m which
1s a semi-conjugacy of F and a mapping in the base h. In other words, for
any P = (z,b) € X

m(F(P)) = h(w(P))

Here w(b,x) = b and therefore w is not invertible.

5.4.2 A perturbed skew product

Now let us consider the perturbation of F in C'-metric. There are many
natural questions which arise regarding such perturbation. A theory of Hirsch,
Pugh and Shub (1977, link (7)) answers to some of them under the assumptions
of partial hyperbolicity. In the case of a skew product they appear in a form
of dominated splitting condition.

Definition 5.9. Let us say that a skew-product 77 satisfies the dominated
splitting condition with A < A" <1 < p~ < p provided that

Yo € T,M,|v| =1: X" <|dfyv| < u~, (5.2)
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and h is hyperbolic with the hyperbolicity constants A and p. The dominated
splitting condition means that contraction and expansion in the base B
dominate contraction and expansion in the fiber.

The theorem about skew products which rises from HPS-theory establishes
the fact that after a perturbation a foliation survives, and the conjugacy
between a perturbed mapping and the initial base map A still exists.

Theorem 5.10. Consider a skew product (?7) on a compact manifold X
satisfying (??) and take its C*-small perturbation G.
Then there exists a foliation of X, that is invariant under G and a map

7 : X — B which is a semi-conjugacy between G and h. In other words, for
any P e X

Denote the perturbed fibers by My, = 71 (b). For them the following holds:
(a). Each fiber is C*-smooth.
(b). My continuously depend on b.

Eventually, in his dissertation (2001) published in 2006 A. Gorodetskij
has proven

Theorem 5.11. M, is with respect to b Holder-continuous.

In 2010 Ilyashenko and Negut|?] obtained explicit estimates on the Holder
exponent.

Let us remark that this theorem doesn’t follow from the following result,
obtained earlier:

Theorem 5.12 ( Shub, Pugh, Wilkinson). The tangent spaces of the central
fibers depend Holder-continuously on b.

Indeed, if these fibers have dimension one, they are the phase curves of
a differential equation with a Holder-continuous right-hand part. A simple
. 1 . .
example © = x3 shows, that in Holder case even the uniqueness doesn’t hold.
The most recent result in this domain was given in a preprint |?| of 2011
by C. Pugh, M.Shub and A.Wilkinson. To state this result, we have to revise
the definition of partially hyperbolic diffeomorphism.
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5.5 Holder foliations: revisited

In their paper Pugh, Shub and Wilkinson consider a diffeomorphism of
a manifold which may not be a Cartesian product. They prove that for
a partially hyperbolic diffeomorphism G with compact central fibers with
uniformly bounded volume its perturbation preserves a foliation, and the
perturbed fiber depends Holder-continuously on an initial condition. The
estimate on a Holder constant is also given.

Remark 5.13. The conditions of plaque expansivity and dynamical coherence
are also demanded, but there is a hope that the theorem holds even without
them.

5.5.1 Partial hyperbolicity

Let G be a C'-diffeomorphism of a compact manifold X onto itself.

Definition 5.14. G is said to be partially hyperbolic if for any point P € X
its tangent space TpX can be represented as a direct sum of three sub-bundles

TpX = Ep © Ep © Ep = E(P)

which have these properties:
(a) For any P the sub-bundles E%, E% and EY% are invariant:

dG : E(P) — E(G(P))

(b) E(P) depends continuously on P.
(¢) The dynamics on a central bundle is weaker than dynamics on £*@ E"

Formally, there exist numbers four numbers with following properties:
A< AT < < p,0<X<1< psuch that for any v € TX, |v] = 1 and
u=dg(v)

vE B, = |ul < \v€EFE}p=|ul <pvekLE;=ue[X,A\7] (53)

Example 5.15. A skew-product (??) with a dominating splitting condition
7?7 serves as an example of a partially hyperbolic diffeomorphism.
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5.5.2 Existence of invariant foliations

Hirsch, Pugh and Shub as well as Brin and Pesin obtained important results
being in some way a generalization of Hadamard-Perron theorem for partially
hyperbolic diffeomorphisms|?|.

Theorem 5.16. For any partially hyperbolic diffeomorphism F on a compact
manifold the distributions(?) E* and E* are integrable, i.e. there exist invariant
by G foliations W* and W*" tangent to E® and E".

Remark 5.17. Note that £ may not be integrable. (see Smale example,
Pesin’s book [?])

5.5.3 Compact foliations

Question 4. Let us consider a vector field with closed phase curves. Does
the continuous first integral exist?

The answer was negative and given by Sullivan in (?)

Definition 5.18. The compact foliation F is said to have uniformly bounded
volume, if there exists a constant V' such that for any leaf I’ of a foliation its
volume is less than V.

Example 5.19. There exists a foliation of (R® 0) by circles without a first
integral and this foliation doesn’t have a uniformly bounded volume.

Remark 5.20. For dim = 3 there is no such example (proven by (7)), for
dim = 4 such an example was constructed by D.Epstein later.

Let us state one theorem

Theorem 5.21 (D. Epstein). Consider a foliation of a compact manifold
such that its leaves are compact and have the uniformly bounded volume.
Then, all the leaves have uniformly small foliated neighborhoods.

In other words, for any fixed leaf F' in a foliation such a picture is
forbidden, see fig. ??7. (777) The sequence of leaves approaching to one point
on a leaf can’t stay away from this leaf near another point on the same leaf.
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5.5.4 Main theorem

All the definitions given, let us state the main theorem:

Theorem 5.22 (Pugh, Shub, Wilkinson, 2011). Let us consider a foliation
F of a compact manifold and a diffeomorphism G preserving this foliation
with the following properties:

(a). G is a partially hyperbolic diffeomorphism with respect to F: the
central bundle of G is TF, i.e. W= F.

(b). The leaves of F are compact manifolds.

(c). The foliation F has a uniformly bounded volume.

(d). (Technical assumptions) Foliation F is plaque expansive and dynamically
coherent with respect to a diffeomorphism G.

Under these assumptions, the following holds:

There exist uniform constants C > 0 and « that the holonomy map A
defined by F is Holder and the Holder constant o could be explicitly written.

We will give a main idea of the proof of this deep theorem, which is similar
to the idea of the simple theorem ?7?.

Proof 5.2. First, since the central foliation is given, £ and £ are integrable.
We will prove that holonomy A is Holder continuous only for a leaf of a
foliation W (see picture ?7). Analogously, the Holder property can be
proven for W and then obtained by intersection (for more details, see |?]).

]
)

Puc. 5.1: A holonomy map in cental-unstable leaf

Let us define the constants p and v estimating the expansion on W*: for
v € E" ||v|]| =1 holds
v <|ldGvl[ < p
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We claim that the holonomy along a path 7 on the leaf F' in W in W
is a-Holder with a : p* = v, see fig. ?? Here 7(0) = p,7(1) = ¢. If Holder
property doesn’t hold then there exists a sequence of points s, converging to
a point p in a leaf and violating the Holder property:

d<A(Sk)7

q)
Ch=—F""2—>00,k—
g da(8k7p>

Let us choose the numbers ny, corresponding to the iterations of G such
that d(G™(A(sk)),G™(q)) € (¢, us) where s > 0 is fixed. Let us use the
estimates on expansion and contraction for a chain of inequalities:

(G (50), G () < (s et = LA

L dG(AG0). 6™ (@) _ x|
Ch C

<p

0

Informally, we choose the iterations n; of G such that the starting points
of the pathes still stay close to each other (and to p) while the end points
stay away from the leaf (see picture ??). From here, the contradiction with
theorem 77.

Puc. 5.2: The starting points s stay close to p while the end points A(sy)
do not approach the leaf under the chosen iterations G"*: on the picture for
any point x by T we assume G"*(z)
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6 ToJicThle aTTPaKTOPHI U CTPOrasi SProANIHOCTb

6.1 «DBouapinue» arTpaKTOPbI

Hecioxkno npuBecTu npumMep THIUYIHOTO guddeomopdusma ¢ aTTpakKTOPOM
Mutnopa mosinoit mepbl. /leiicTBuTebHO, y JuHeliHoro jauddeoMopduzma
AnocoBa Ha TOpe HeT HOIJIOMIAIOIINX 00IacTell, 1 opouTa IOYTH JTI000H TOUKN
BCIOJLY ILJIOTHA 0T €ro JleficTBIeM, TT03TOMY Aee = Ay = T2 umes(T?\Ayy) =
0.

Kaxkercst mpuBbranbiM, 9To ecin Apy oTmmder ot Bcero (asoBoro mpo-
crpancTia, To intAy = 0. Bonee Toro, mia muddeomopdusmor MEHOroo6pa-
3uit 6e3 Kpas Kak npasuiio mesAy = 0.

Problem 6.1 (Bonarru, /nac, A6menyp). Bepro s, uro ecam st Tu-
nuaHoro uddeomopduzmMa 3aMKHYTOrO MHOTOOOpa3us arTpakTop MuiHo-
pa obJiajaer HeIycToil BHYTPEHHOCTBIO, TO OH COBI&JaeT CO BCeM MHOI000-
pasuem?

Orer s TunmgaHOrO A deomopdu3mMa HEN3BECTEH, OTHAKO JIJIsT 0O0JIb-
moro KJjacca uddeoMopdu3MoB IPEIINoI0KEeHIe BEPHO.

Definition 6.2. 'oMOK/JIMHUYIECKIM KJIACCOM IEPUOIUIECKONl OPOUTHI HA30-
BEM 3aMbIKaHIE €€ TOMOKJINHUIECKIX TOYEK.

Theorem 6.3 (ABropsi?). Ecau y 0mobparcenus KOHEUHOe YUCAO 20MOKAU-
HUMECKUT KAGCCO8, MO npednosodtcerue npobaemv. 7.1 eepro.

B okpectnoctn npumepa Hbroxayca MOXKHO TTOCTPOUTD JIOKATHLHO TOIOJIO-
TUYECKN TUMUYHBIE TUMHeoMOpOU3MBI CO CIETHBIM YHCJIOM TOMOKJIMHUYE-
CKUX KJIACCOB, IIO9TOMY TeopeMa He JlaeT OTBeTa Ha BOIPOC JJId TUIIMYHBIX
nuddeomopduzmon. BozaMoKHO, UTO TUIUYUHBI ATTPAKTOPHI [TOJI0KUTETHHOMN
MepBI, He COBIIQ/IAIONINE CO BCEM IIPOCTPAHCTBOM.

Definition 6.4. Arrpakrop MuaHOpa HOJI0KATEIHHOM, HO HE TOJIHON MEPHI
Ha30BEM TOJICTBIM.

Definition 6.5. TosicToiit arTpakTop MusHopa ¢ HerycToii BHyTPEHHOCTHIO
Ha30BeM OY€Hb TOJICTBIM.
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6.2 ToJsicThie aTTpakTOPHI

Problem 6.6. Bepuo jiu, 910 TOJICTBIE aTTPAKTOPHI JIOKATBHO TUITUIHBI!

Teopema u3 npeJbLIyIIero pasjesia yTBepKaaa, YTO O9eHb TOJICThIE aT-
TPAKTOPBI HETUIUYHBI cpesin TuddpeoMopdu3MOB ¢ KOHEUHBIM YUCJIOM T'O-
MOKJIMHIYECKUX KJIacCOB. BOBMOXKHO, TEXHUKY TEOPEMbI MOYKHO ITPUMEHHUTD
U K IIPOCTO TOJICTBIM aTTPAKTOPaM.

JlokasibHas THIMYHOCTH TOJICTBIX arTpakTopoB MmtHopa s muddeo-
MOP(}U3MOB 3aMKHYTHIX MHOI0OOpa3uil He YCTAHOBJIEHA.

Theorem 6.7 (F0.C. 2011). B npocmparcmee dugeomopdusmos mno2006-
Pasutl ¢ Kpaem moacmoie ammpaxmopvl AOKAALHO MUNULHDL.

Cxemy J0Ka3aTebCTBa IMOI00HOM TeopeMbl JjIs CTYIIEHIaTOTO KOCOTO
MIPOU3BE/IEHNS MTPUBEJIEM B UeTBEPTON YacTH JIeKIuu. B rimajgkoMm ciaydae J1o-
Ka3aTe/IbCTBO CTAHOBUTCA HAMHOIO cjioxKHee. [1pu aTom BHe Kitacca auddeo-
MOpP(MU3MOB TOJICTBIE ATTPAKTOPHI JIOKAJIHHO TUITUIHBI.

6.3 ToJjicThie aTTPaKTOPBLI YHAOMOP(MU3IMOB

Theorem 6.8 (/lenuc Bosik, neonybsimkosana). Cywecmseyem omxpuimoe
MHOIACECMBO KOCHLT NPOou3eedernuti Had IHIOMOPPHUIMOM OKDYHCHOCTNU C 0OUEHD
moacmuim ammpaxmopom Muaropa.

Theorem 6.9 (Tsuji, 2005). Jlas xocwx npoussederutl 1ad sHOOMOPPHUIMOM
OKPYAHCHOCTIU OMKEPBIMOE MHOHCECTNBO 00pa3ytom omobparcerus, SRB-mepa
KOMOPHLT AOCOMOMHO HENPEPLIGHA OMHOCUMENLHO Mepvl Jlebeza.

ITo oupenesrenuio SRB-mepbl, messrpAy > 0, mosromy mes;p Ay >
0 jura orobpazkenuit B TeopeMe Tcymku. Ho, BoobIe roBopsi, u3 TeopeMbl
Teymxu e cnexyer Teopema lenuca Bosika.

6.4 Kak crpodaTcda ToJICThIE aTTPAKTOPHI?

[IpuBeieM IpuMep TUMUYHOTO CTYIEHYATOIO «COXPAHSIONIETO KPail» KOCOTro
[IPOU3BEJICHUSA C TOJICTBIM aTTpakTopoMm. IlycTh

X=Y*x1I, F:(w,7) (0w, fo,x),
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fO,l =0, fO,l =1, f(;,l(l) > 1, fé(o) <1,

U IIyCTh HY/Ib B cpejHeM oTTanakusaet, To ectb f((0)f1(0) > 1.

(KapTHHKA ¢ TOCTONHBIMI OTOOPAKEHUAMN U KAPTHHKA C KAK OBl MOTJIO-
maoreil 06J1acThIo)

JJ1st yKa3aHHBIX MOCIORHBIX 0ToOpazkenuit obnacth X' = X2 x [0, 1—¢] no-
TJIONIAIOIIAS , OIPEJIE/IUM JI/Ts Hee MaKCUMAJIbHBIE aTTPakTop Ape, = () FFX'.

Exercise 5. Cymecrsyer «rpanndnasy QyHKIuda o' : %2 — [, Takas 4TO
1) Apae = {{w} x [0,07(w)] | w € ¥}
2) o 1mo/I0KUTEIbHA TIOUTH BCIO/TY.
3) MuozkecTBO HyJelt 0 BCIOJIy ILIOTHO.

W3 nepBbIX ABYX YTBEp:KJIEHWI CJIE/yeT, YTO aTTPAKTOP TOJICThIi. U3
TPETLETO CJIEyeT, YTO OH He MOXKeT ObITb O4YeHb TOJICTBIM. B mocrpoenun
IpUMepa BCe YCJIOBUA OTKPBITHI, IIO3TOMY IIPAMED BBIIECPXKABAET MaJIOe IIle-
BeJIeHIE B KJIacce CTYIIEHYAThIX KOCBIX ITpoM3Beenuil. BepHa

Theorem 6.10. B nocmpoerrom npumepe Apaz = A

B crarbe FO.C. 2011 (ccpuika) jgokasan Gojiee CJAOXKHBI pe3ysIbTar Jis
nuddeomopduzMon

Theorem 6.11. Toacmuidi ammpaxmop Muanopa munuven 6 coTpaHAOULUT
kpati dugpeomoppusmazx T? x 1.

JlokazaTesbcTBO 3TOi T€OpeMbl HAMHOTO CJIOYKHEe JT0Ka3aTe/IbCTBA B CTY-
neHvaToM ciydae. Bo3aMoxKHO, cymiecTByeT 0oJiee MPOCTOE JTOKA3aTETHCTBO
Jepe3 TeOPUI0 HOPMAaJbHBIX (DOPM, HO CAMOCTOATE/ILHON TEOPUU HOPMAJIb-
HBIX (POPM KOCBIX ITPOU3BEJICHUI [TOKA HE CYIIECTBYET.

6.5 Hopwmaabable OPMBI KOCHIX ITPOU3BEIeHUIT

(KapTHHKA CO CJOAME-OTPE3KAMU, KOTOPbIE PACTYT U3 6a3bI-IPIMOYTOJIbHIKA )
PaccmoTpuM Kocoe mponsBeieHne

F:(b,x) — (Ab, fy(x))

c ycaosueM f,(0) = 0. O6o3naunm A(b) = f7(0).
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Yro MOXKeT JaTh Teopusi HOPMAaJbHBIX (opMm, eciu F paccmarpuBaTh
kak jnuddeomopdusm? Touka (0,0) HemoBUKHA, 3aMEHON KOODJMHAT B €€
OKPECTHOCTU MOXKHO CBeCcTH oToOparkenue K JmHeitnomy. HoBoe kocoe 1mpo-
u3BejieHne OyJIeT MePecTaB/IsaTh CJIOH, MapaJsjie/ibHble HOBOW «BEPTUKAIBLHOM
ochy», TaKUM 00pa30M IIpeodpa3oBaHue TepseT MCXOIHYI0 CTPYKTYPY KOCOTO
[IPOUBBEJICHNsT C BEPTUKAJBHBIMU CJIOAMU. MBI 7K€ XOTUM COXPAHUTH CTPYK-
TYypy KOCOT'O IPOM3BEIEHNUST ¢ BEPTUKAJBHBIMU CJIOSIMU. Byjiem nckarth 3ame-
HY KOOD/IMHAT, TOXKJeCTBeHHYIO 10 6a3e. Hopmasuzyiomee npeobpazoBanue
1 0TOOpaKeHue IMoJL ero JefiCTBUEM UMEIOT BU/T

H(b, ) = (b, hy(z)), (b,2) — (Ab, \(b)z).

[Inara 3a coxpaHeHUe UCXOTHON CTPYKTYPBhI KOCOT'O ITPOM3BEJIECHUS — IOTE-
psi TJIaJIKOCTH, hy OKa3bIBAaeTCs I'eJIbJIEPOBO 3aBUCSIIUM OT TOYKU B Oase. B
[ATON JIEKIIUN ONMCaHA TEXHUKA, MO3BOJIAIONAd PadoTaTh C IeJIbIePOBBIME
KOCBIMU ITPOU3BE/IEHUSIMU.

6.6 CuapHast 3proANIHOCTh OTHOCUTEJIHHO WHBAPUAHT-
HOM Mepbl

JIlnnamudeckas cucTeMa ¢ MHBAPUAHTHON MepOil ( SpTrogudHa, €CJIu JIJIs JIO-
Ooif HelpepbIBHON (DYHKIIME BpPEeMEHHOE CPeJIHee MOYTH BCIOJIY COBIAJAET C
npocrpancTBeHHbIM. [lycTh (0 — Bpemennoe cpejinee dbyukmnun . Hazosem
UCKAIOYUMEALHDLM MHOZKECTBO TOUYEK, B KOTOPBIX BpEMEHHOE CpejiHee He COB-
aJiaeT ¢ MPOCTPAHCTBEHHBIM. J[J1s1 TuHAMIYECKOl CuCcTeMbl ( f, X, u) C UHBa-
PHUAHTHOI BEPOSITHOCTHON MepPOH L HA30BEM UCKJIIOUNTETHHBIM MHOYKECTBOM
00beIMHEHNE UCKJIIOUUTEILHBIX MHOXKECTB 110 BCEM HEIPEPLIBHBIM (OYHKITU-
am Ha X.

Exercise 6. V spromguieckoii JUHAMIYECKON CHCTEMBI NCKTIOUNTETHHOE MHO-
JKeCTBO 00J1a/1aeT HyJIEBOil Mepoil.

[Toripobyem ckazaThb 0oJbIIE 00 UCKIIOUUTETHLHOM MHOXKECTBE 3PTojIude-
ckoro orobpazkenusi. CkazkeM, 9TO BpeMeHHoe cpejiHee (DYHKIIUKA «K HE COB-
ajaeT» ¢ MPOCTPAHCTBEHHBIM, €CJIH, IPY0O TOBOPS,

\@—/90|>ff-
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Tounee, 0603HATIM

K}i,(}p = {./L'| llhlnl@n — /(pd,u| Z ,‘Q}‘

Definition 6.12. Hazosem punamuueckyio cucremy (f, X, p) cuavno apezo-
duneckotl, ecom

dimy K, , < dim X, Vp € C(X),Vk > 0.

W3 omnpesenerus ciieiyeT, 9TO UCKIIOUNTETbHOE MHOKECTBO CHJIBHO dp-
TOJIMIECKOI0 OTOOparKeHUsT MOXKET ObITH IIPEJICTABICHO B BHIE CIETHOTO 00b-
eJINHEHNS MHOYKECTB MeHbIIell XaycopdoBoil pa3MepHOCTH, IIPU 9TOM pa3-
MEPHOCTH MCKIOUATEILHONO MHOYKECTBA, MOYKET COBIIAIAThH C PA3MEPHOCTHIO
npoctpancTBa. Ho He jiro60e MHOXKECTBO HYJIEBO# MEPBI MOYKET ObITh MCKJTIO-
YUTEJIbHBIM MHOYKECTBOM CHJIBHO 3PTOINYIECKOT0 OTOOPAYKEHUS.

Exercise 7. IIpuBegure mpumMep MHOXKeCTBa HYJIEBOI MepbI, HE IIpPEJICTa-
BUMOI'O B BHJE€ CUETHOTO OObeIMHEHNS MHOYKECTB MeHbITel XaycaopdoBoit
Pa3MepHOCTH.

BoJtee Toro, Bcakoe MOJMHOZKECTBO OTPE3Ka HYJIEBOI MePhl MOXKET ObITh
peam30BaHO KaK HMCKJIIOYUTETFHOE MHOYXKECTBO HEKOTOPOU JUHAMUYECKOI
CHCTEMBI, BO3MOXKHO He 3proaudeckoii. IIpumep Buepsble moctpoma PrixkoB
(mucceprarust, 2012). B ciepytomnieii yacTu mpuBejieM 3HAYUTETHHO GoJiee
IIPOCTO# TPUMEP TIOJ00HOTI0 OTOOPAYKEHUS.

Teopembl 0 CHIBHON SPrOANTHOCTHU JOKA3AHBI JJIsT HEKOTOPBIX CIeIallb-
HBIX KJIaccOB oToOpakenuii. [lokazana cuibHasg SproJmaHOCTDb IS YBOE-
HUsl OKpYyzKHOCTH, Jisi juddeomopdusma Anocosa Ha Tope (CaaThiKoB).
[Tocneannit pe3ysbTaT 0000IIAET CJI/LYIONass TEOPEMA.

Theorem 6.13 (Kienpia, PeizkoB). lunepbosuseckue 0mobparcenus cuib-
HO 2p200uMHbL, omHocumenvro SRB-mepol.

6.7 IIpumep nuHamMmYdeckoii peajm3alnuu MPOU3BOJIbLHO-
ro0 MHOXKECTBa HYJIEBOI Mepbl

[IycTs 3a7ano MHOXKecTBO K Ha OTpe3Ke — HYJIEBOIT Mepbl W 3aMKHYTOE.
Hamnpumep, kantoposo. Oupe/iesium Ha oTpeske 1-rajkyio dyskimio f cie-
JytormuM obpasom: Ha K ona pasHa 0, a Bae K sta dynkims 6osbiire 0 (cM.
puc 77).
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Puc. 6.1: KanTopoBo MmHOXKecTBO 1 (DyHKINs [ Ha HEM

CBepHeM 0OTPe30K B OKpYy:KHOCTB. [losmyuum dynknuio [ Ha OKpyKHO-
ctu. Terepb nocTpoum uckoMmbiit guddeomopdusm F Ha IUCKE CIIETYIOMIIM
o6pa30M. Pa,ZLI/IbeI B JIHUCKE ABJIAIOTCA WHBapHaHTHBIMKA MHO2KECTBaMMH. Ha
KaxKJIOM paJinyce JeficTByeT cBoe oToOparkenue. /[y onucanust ux Ham Io-
TpebyeTcs JIBa 0TOOpayKeHHUsT OTPe3Ka, N3 KOTOPBIX OHU KOHCTPYUPYIOTCS.

[TepBoe oTobOpazkenue oTpe3Ka — TOXKJIECTBEHHOE, & BTOPOE, HA30BEM €0
g, BCE TOUKM MHTEPBAJIa NOHUT BHU3, COXPAHS TOJbKO KOHIEBbIE HETIOBUK-
HBIMU, IIPU 3TOM IIPOU3BOHBIE ¢ B KOHIIAX OTPe3Ka paBHBI 1.

Tenepn neiictBue orobparkenusd F' 3amaercsa popMyIoii:

(z,t) = (1= f()z + f(t)g(x),

rjie £ — KOOpJWHATA [0 Pajuycy, a t — apryMeHT Ha OKPYKHOCTH ((yHK-
st f tam u omnpesesiena). Orobpazkenne F jeficTByer Kak Ha pucyHKe 77.
HetpyiHo BuieTh, 9TO B IIEHTPE JUCKA OTOOPasKeHNe HEIIPEPhIBHO U TJIAJIKO,
u 6oJiee TOro, Kpaii JIMCKa MOYKHO 3aKJIEUTh OJJHON TOYKON (KOMIaKTudUIm-
pOBaTh), IPEBPATUB OTOOPAYKEHNE JINCKA B 0TOOpaykeHue cepbl, 9TO Mbl U
cZleJ1aeM B KOHIIE ITOCTPOCHUSI.

Puc. 6.2: /lunamuveckas: peajn3aliusd

SRB-mepa oTobpazkerus F' cuuT B TIEHTPE JUCKA, TTOTOMY 9ITO TTOYTH JIFO-
bas 1o Mepe Jlebera opbuTa mMeeT oMmera-mpeae bHbIM MHOYKECTBOM IEHT]
JIMCKa, a 3HAYUT, JIjIs JII000H HelpepbIBHOW (DYHKIIMH 1TOYTH BCe 110 Mepe Jle-
6era OpOUTHI IMEIOT IIPOCTPAHCTBEHHOE CpeJiHee PABHBIM 3HAUEHUIO B IIEHTPE
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JMCcKa. A 9TO M 3HAYUT, YTO IEHTP Jucka — Hocureib SBR-mepobl. C apyroit
CTOPOHBI, KaxKJjiasi U3 TOYEK, UMEIONUX apryMeHT u3 K, HeloJBUKHA, U ee
IIPOCTPAHCTBEHHOE CpeJiHee, BOOOINE TOBOpsi, He COBIALAeT CO 3HAUYEHHEM B
nentpe jucka. [losromy, ecim BeIOpaTh K 1mosiHoil xaycopdoBoit pazMepHo-
CTH, TO MBI TIOJIyIUM OTOOparKeHne JIUCKa, Y KOTOPOro B MHOXKECTBE IIOJIHOM
xaycaop@OBOil pa3MEPHOCTH KaxKasi OpOUTa UMeeT IIPOCTPAHCTBEHHOE CPeJl-
Hee, He COBIIaIaroIee co cpeganM mo SRB-mepe.

Ecan ny>xHO MHOroobpasue 06e3 Kpasi, OCTajJI0Ch TOJbKO 3aK/JIEUTh JIUCK
110 Kpalo, KakK yzKe ObLIO CKa3aHo.
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7 Kommap ®yObmHEN 1 €ro IIpeoioieHne

7.1 Pasnoe

Mpic/in 0 XUpypruvdeckoii 3amMeHe rurepOoImIecKoro cejira Ha mojakoBy Cmeii-
JIa.

7.2 Kommap ®PyomaN

PaccemorpuMm Kocoe mpousBejieHne ¢ TOXKJIECTBEHHBIMU TTOCTONHBIMU 0TOOpa-
JKeHuaMu HaJ iuddeomopdusmom AHOCOBa B TOpe.

F: T?xS'—T?x 8 F=(A,id).

[Iycts G — masioe Bo3myterune F B Kiaacce 1nddheoMopdu3MoB TPEXMEPHOTO
topa. Teopuss Xupma—IIsio—Illyba u pesyabrarel Anrona [opomenkoro ro-
BOPSAT, 9TO G TeJIbJIepPOBO COMPSI?KEHO ¢ HOBBIM KOCBIM IIpou3BeienneMm. OTob-
paxkenune G mepecTtaBiisieT KpuBble Tyiaakue cjaon My, rejibIepoBO 3aBUCSIIIE
oT TOUKH 6a3bl b. (CM PUCYHOK ¢ KPUBBIM IUIAHIPOM )

Theorem 7.1 (Kommvap ®y6unu). /s nexomopozo G cywecmsyem MHO-
orcecmso ' nososrcumesvrot Mepvl 6 MmpermMepHom mope, Komopoe nepece-
Kaem xaotcovll croti My no KoHeuHOMY YUCAY TOYEK.

MHO>)KecTBO, epecekaroIee KazKIblil 10 110 KOHEIHOMY YHCJIY TOYEK, He
MOXKeT 00J1a/aTh IOJIHON MepOii, eCJin TOJIOHOMUS BJIOJIb CJIOCHHUS aOCOTIOTHO
HEIPEPBIBHA, OTHAKO MIOCJIE I'eJTb/IEPOBA COMPSZKEHUS 3TO CBOMNCTBO MOXKET He
coxpanutbed. [lepsbim addexT orkpbl1 Karok. Ou obHApyXKUI, 9TO roJio-
HOMUSI BJIOJIb CJIOEB, KOTOPBIE I'e/IbJICPOBO 3aBUCAT OT TOYKU 0OAa3bl, MOYKET HE
OBITH abCOJIFOTHO HelpepbIBHOM. KaToK MoCTpon/I mpuMep CjIoeHus: KBaJipa-
Ta U MHOXKECTBA IIOJIHOU Mepbl, KOTOPOE IIepeCceKaJIo KarK bl CJIOM 110 OJHON
touke. [lepByto nuHAMEIYECKYIO peasn3aiuio KoiMapa PyOuHU MOCTPOUIH
[Iy6 u YuikuHCOH.

7.3 ClencrBusi reJibI€pPOBOCTU

(KapTHHKa ¢ Tapoil IIJINHIPOB U KapTUHKA ¢ IpOoeKImsaMu Ha 6a3y. Mex iy
s pamu conpsizkenrie H) Tlycrs conpsizkenne H coxpaHsieT ceueHne r =
const

(b, ) = (By(z), ),
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B CHJIY TeJIbJIEPOBOil 3aBUCHMOCTHU CJIOSI OT TOUYKH Oa3bl COIpsizKeHue OyJ1eT
reJibjiepoBbiM. Torna cioit M, — rpaduk orobpazkeHust cjiosi Ha 6azy

My = {(z, Bp(x))| = € M}.
[Iycts B — 6asa kocoro mnpoussejneHusi F, m — npoekiuss F vHa B, p —
npoeknusa G wa B. Paccmorpum nogvuoxectso K 6a3er B, K = 0. Torma
7 'K — maceinenne K ciaoamu, u my(n 1K) = 0. Uro MOXKHO cKazaTh O
mepe p~ L K? Orobpazkenne H conpsaraer auddeoMopdusMbl, I03TOMY

p K = Hri 'K,

OJIHAKO colpsizkenne H TOJILKO TejibIepOBO M MOXKET He COXPAHUTH HYJIEBYIO
Mepy. IIpumepom He cOXpaHAOIMEro Mepy I'ejbIepoBa 0TOOparKeHUsT MOXKET
CIYy’KUTHh KaHTOpoBa JecTHUIA. OOpaTHOE K JIeCTHUIE OTOOParKeHIe IIePEBO-
JUT MHOXKECTBO IIOJIOXKUTEJIHbHOI MepbI B MHOXKE€CTBO Hy.HeBOfI MEPHI.

7.4 PasmepHocTh Xaycaopda

[FenbiepoBel oTOOpazkeHus He coxpansaioT mepy Jlebera, HO yBaxkaioT Xay-
¢10pdOBY pasMEPHOCTh MHOXKECTB.

Lemma 7.2 (Jlemma @anbkonepa). [Tycmov K C B, u ¢ : B — B 2eavde-
poso ¢ nokazamenem . Iycmo

dimy K =d < dim B, é < dim B,
«

moeda dimy p(K) < 4 < dim B.
Exercise 8. Jlokaxute jiemmy DasibKoHepa.

[Tokarkem, Kak xayc10pdoBa Pa3MEPHOCTD TOMOTAET B CJIydae Ie/ibIepo-
Boro conpsizkenus. [Iycts MHOXKeCcTBO F HyJIeBOIT MePHI TIepeceKaeT KarK10e
cedeHne r = conslt KOCOrO MPOU3BeJIeHNs] J M0 MHOXKECTBY He TOJBKO HY-
JIEBOI Mepbl, HO U He MOJHOM Xaycaopdosoit pazmepuoctu. IlycTh Takxke
MoKa3aTe/Ib T'ejibJIepoBocTH oTobpaxkenus H : F — G OJIU30K K €JUHUIIE.
Orobpaxkenne H coxpansieT ceuenns r = const, mosTomy u3 jeMMbl PajibKo-
Hepa cirefryet, uto B G obpas H(E) mepecekaeT KazKjoe CEUeHHe 110 MHOKe-
CTBY HENOJIHOH XaycaopdoBoit pasmepHocTu. OCTagoch MTPOUMHTETPUPOBATD
uysieBble Mepbl MuOKecTB H (E) ({x = const} 1o Bcem ceuerusim.

Exercise 9. Tlokaxure, uro dimgK x [0, 1] = dimg K + 1. Boobre rosopsi,
HEBEPHO, UTO XaycAopdoBa PasMEePHOCTD IIPAMOrO IPOU3BEICHAA MHOKECTB
paBHa CyMMe IX XayCJI0P(OBBIX Pa3MEpPHOCTEL.
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7.5 CuiabHas 3pPTOUIHOCTD

Mpsr mo-tipekHEMy paccMaTpuBaeM Kocble mpousBesienus. [lycrs A — mud-
deomopdmsm AHOCOBA JBYMEPHOTO TOPa WU JPYTOe CHIHHO IPrOINTECKOe
npeobpaszopanne. O603HaYMM depe3 K MHOXKeCTBO TOYeK 0a3bl, B KOTOPBIX
BPEMEHHBIE CpEeJIHNEe HEIPEPBIBHLIX (DYHKIUN it A OTJIMYAIOTCA OT IIPO-
CTPAHCTBEHHBIX 0OOJiee YeM Ha K:

Kz{b\w(b)—/mmm

CrenuabHble 9ProJuvyecKre TeOPEeMbl YTBEPKIAIOT, UTO XaycaopdoBa pas-
MepHOCTh K cTporo Menble pasmepHocTu 0asbl. lIpu jocraroduno masom
riagkoM Bosmytenun || F — Gl|o1 orobpazkenne H Oymer rebIepoBo ¢ KO-
sdpdunmentom a, |1 — a| << 1, mosromy no jgemme Pasbkonepa y obpasa
K xaycjiopdoBa pasMepHOCTh TakzKe Oy/1eT MeHbIle pa3zmepHocTu 0as3bl. [o-
9TOMY

dimyp 'K < dimB x M, = msp 'K = 0.

[Ipu ymMeHbIIEHNN K pa3MepHOCTh K BO3PACTAET, OITOMY, €CJIU Mbl XOTHM
COXPaHUTD XaycJAopdoBy pazmMepHOCTh p~ 'K, HEOOXOMMMO yMEHbIIATD BO3-
mytenne | F — Gl|o1, a Besen 3a HUM 1 MOyIib |1 — a.

8 Ily3bipm

8.1 IlocTtpoenue ApHoabaa

Definition 8.1. PumanoBa moBepXHOCTB - 9TO OJIHOMEPHOE KOMILIEKCHOE
MHOT000pasune, TO eCTh MHOYKECTBO, MMOKPBITOE aT/IACOM OKPECTHOCTEH, KazK-
Jlask U3 KOTOPBIX O0TOOparkaercs Ha eMHUYHBIN Kpyr {|z| < 1}, a dynkuuu
repexo/ia OUroJOMopQHbI.

Definition 8.2. DanunTuveckasi KpuBas - pUMaHOBa TOBEPXHOCTH poja 1.

Example 8.3. [Ipocmetiwut npumep sarunmuyeckoti Kpusot npedcmasi-
em coboti mop T? = C/Z + iZ ¢ nepenecennoti na nezo ¢ KOMNACKCHOT NpA-
MOT Komnaekchotl cmpykmypot. 3amemum, 00HAKO, 4MO BMECMO CKACUBA-
HUA CMOPOH K8AOPAMA, MONCHO NPOUBECTNU CKACUBAHUE CMOPOH NAPANLE-
N02PAMMGA, G UMEHHO PACCMOMPEMD

T,=C/Z+ uZ (8.1)
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2de € HT - xomnaexcroiti eexmop 6 eeprrets nosynaockocmu. ducio
bydem naseamv modysem aarunmuneckol xpueot T,

Example 8.4. Paccmompum xoavuo 6 C, a umenno mmoocecmeo K =
{lv] <|z| <1}, ede v € C,|v| < 1. Pacemompum omobpasicernue z +— vz,
u ckaeum Koavyo K ¢ nomowvio amozo omobpasicenus (z ~ vz). Ioaywum-
CA HEKOTOPAS 6eULECNEEHHO d8YMEPHaA noseprrocms. Ha camom dene, amo
bydem aNAUNMUMECKAA KPUBAA.

Exercise 10. (a). Kak ompeesnTh KOMIUIEKCHYIO CTPYKTYpPYy Ha 9TOM TIO-
BEPXHOCTH!
(b). Tokazkure, 9TO €€ MOJLY/Ib €CTh [ =

Iny
21

B. N. ApHosb mpemjioKuia KOHCTPYKIMIO, KOTOpas II0 IPOU3BOJILHO-
My juddeomMopdusMy OKPYKHOCTH CTPOUT CEMEHCTBO SJTUIITUIECKUX KPU-
BbIX. A mMeHHO, TIycTh f - aHajuTHdecKuii auddeomMopdusM OKpPYKHOCTH
{|z| = 1} ma cebs. O6ozuatmm f,(z) = vf(z). llycrs |v| < 1; ckrenm ToUKH
zu f,(2), nojaydas npu 3TOM CHOBA JUIMIITUIECKYIO KPUBYIO (cM. puc. 77).
DTa KpuBas OUToJI0MOPMHO SKBUBAJEHTHA HEKOTOPON CTaHJIAPTHON SJI/INAII-
Tuvdeckoit kpusoit Ty; o0o3HAUNM €€ MOTY/Ib Yepe3 A.

f .

,34
A

Puc. 8.1: Koncrpykiust ApHoJibia: OCTpOeHe SJITUITHIECKOR KPUBOit

Takum obpasom, npu dukcupoBanHoM jguddeomopdusme f, moaydaem
orobpazkenne A = A(V) W3 BHYTPEHHOCTH €JMHWYHOIO Kpyra B cebs. DTO
oTobpazkeHue Mbl Oy/ieM Ha3bIBaTh omobpascernuem modyaret. mest cocrout
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B TOM, UTO B [IOBEJICHUHN OTOOPaYKEeHUsI MOJLYJIel COJIepKUTCs Oborarast uHMOp-
Marust 00 orobparkenun f.

Cdopmymupyem mpobdiemy, 3HAINTE/TbHBIE TTPOIBUZKEHUS B KOTOPO#t ObLIN
nostyaensl B 2011 roxy H. l'orwapyk n K. Brodhdom:

Problem 8.5. Kakue rpannvnble 3HadeHus TPUHIMAET OTOOPaKeHue Mo-
Jryeit?

Exercise 11. Kakoe 6yjer orobpaxkenue moyeit, korjga f - moBopot?

Wrax, Hac uHTEpECYeT TO, KaK OTOOparKeHne MoJLyJieil 1eficTByer Ha Irpa-
HUIE eMHIIHOrO jiucka. O6o3HaYMM Kak p(V/) 4uciio BpaileHust orobpazKe-
HUst oTobpazkenus f, npu |v| = 1.

Theorem 8.6 (H.lowmuapyk, K. Broodd, 2011). Omobpastcerue modyret
HENPEPHIGHO NPOAOAHCAETNCA D0 2PAHUUBL KOMNAEKCHO020 QUCKA U NPU IMOM:
(a). Ecau f, ne asasemes eunepbosuieckum omobpastceruem, mo lim A(v)
exp 2mip(v) npu v, cmpemawemcs K epanuye oucka
(b). Ecau f, - eunepboauueckoe omobpastcenue, mo lim A(v) npu v, cmpe-
MAWEMCA K 2PAHUYE JUCKA CYWECNEYEM, 0OHAKO AEHCUM CMPO20 SHYMPU
edUHUYHO20 KpY2a

Orcrona, 06pa3 TpaHUIbl JUCKa €CTh €UHIIHAS OKPYZKHOCTD C PACIIOJIO-
JKEHHBIMU BHYTPH JHUCKa 3aMKHYTBIMA KPUBBIMU, IPUKPEIIEHHBIMUA K KOP-
HAM U3 €IUHAILI — CBOeoOpasHbIMN IIy3bipsaMu) (cM. 77). Buiepsore sty kap-
THHKY Ipejickasas P. @eopos, 09TOMY HHOIIA 9TH IIy3bIPU HA3BIBAIOT NY-
svpamu DPedoposa.

8.2 IIlarm noka3arejibCTBa T€OPEMBbI

Definition 8.7. a ¢ Q - nuodanTOBO, €C/M OHO IIOXO MPHOJIUKAETCS Pa-
[IMOHA/IBHBIME THCIAMI, & HMeHHO o — Ef > q%

Lemma 8.8 (B. Mommasckuit, 2001). Ecau p(v) ¢ Q - duoganmoso, mo
lim A(v) = exp(2mip(v) npu v, cmpemswemcsa K epanuye ducka

Lemma 8.9 (H. Tonuapyk, 2011, J. la Croix). Ecau f, - napaboauuecroe,
mo lim A\(v) = exp 2mip(v)
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Puc. 8.2: O6pas rpanuiibl e JMHIIHOrO JIUCKA IIPU OTOOPAXKEHUU MOJTYJIst

Lemma 8.10 (H. l'onuapyk, K.Biodbd, 2011). Ecau f, - eunepboauueckoe,
mo cyuwecmeyem lim \(v), npu npubsusicenuu v % epanuye ducka. IIpu amom
npedes nonadaem enympo edunuurozo ducka u (V) anasumuiecku npodoa-
HCAEMCA 68 OKPECTVHOCTG MOYKY U

Proof 8.1. nes nokaszarenbcrBa JaHHON JIEMMBI COCTOUT B KOHCTPYKIINH,
BIIEpPBLIE IOsBUBIIEiica B paborax Puciepa, npenioxennoin K.Biodbdom u
moaudunuposannoit H. lonuapyk: a uMenno, eciu, K IpuMepy, pacCMaTpu-
BAETCsI CeBEPO-I0ZKHOE 0TOOpayKeHne OKPYKHOCTH f,, |v| = 1, To cranmapTHOe
nocrpoenne ApHoJibiia He paboTaeT, MOCKOJIBKY HeT KOJIbIa, KOTOPOe MOZKHO
ObL10 OBI cKJIenTh. [l09TOMY B OKpECTHCOTH OKPY?KHOCTH, B KOTOPOiT 0TOOpa-
»kenne [ 6uroaoMopdHO, BLIOUpPAETCS 3aMKHyTash KpUBas 7y, COCTOSIIAs 13
JIBYX JYT, V1, V2. Jyru 1 U 7 J1€2KaT B OKPECTHOCTH aTTPAKTOpPa, B KOTO-
poit oTobpazkeHue f, TMHEAPUIYETCST; JIyTH Yo U f,(72) J€KAT B AaHAJIOTWTIHON
okpectHocTH penesepa. Kpusbie v u f,(7y) OrpaHIYIUBAIOT KOJIBIO; CKJIEH-
Basl UX 10 OTOOParKeHUIO [, MoaydaeM sjumunrudeckyo kpusyto T'(v). Ipu
MaJIOM M3MEHEHHH ¥ 9Ta KpUBas MaJjio MEHSeTCs; eé MOJLY/Ib aHaTUTHIECKU
saBucuT ot v (cM. puc. 77). [TockosbKy f aHAJMTUIHO, MOYKHO IIPOJIOJIZKUTE
f B okpectHOCTEL OKpYy2KHOCTH. [Ipn paccmorpernn v, |v| < 1 penemrep N u
aTTPakToOp S HEMHOI'O CMECTSITCH, OJHAKO MOJIyIeHHAs JUIAIITHYECKAsS KPH-
Bag OyJieT OUroiloMopdHO SKBUBAJICHTHA KPUBOIi, ITOJIyYE€HHON TOCTPOEHUEM
Apnonba.

Taxum obpaszom, moJrydena rojomopdrast yHKIM B € UHUIHOM KpyTe,
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Puc. 8.3: Koncrpykuus Brodbda (ITEPEPTICOBAHHA A KAPTUHKA)

y KOTOPOII M3BECTHBI HEKOTOPBIE paJiuaJibHbIe TIpe/iesibl. [Ipesesnbl ecthb mpu
CTPEMJIEHUH V K I'DAHUYHBIM TOYKAM, JIJIsi KOTOPBIX YHCJIO BparieHus p(v)
panmonasibho (7?7, ?77) win p(v) muodanroso (?7). Takum obpazom, paiu-
aJIbHBIC [IPEJIEJIbI CYIIECTBYIOT JJisi BCEX U TIOMHUMO TeX, IPU KOTOPHIX p(V)
JINY BUJLIEBO.

Theorem 8.11 (Tsujii). Mepa mHootcecmea mex mouek v na OKPYHCHOCTU,
das Komopuix p(V)-AUYEUALEBO, PAGHA HYAIO.

Taxkum obpazom, uz jiemm ipu 27, 7?7?77 u Treopemst 77 cieyer, UTO 11.B.
o Mepe JleGera na S onpenenena dyukiua L(v) = lim A(rv),v € Str —
1-0

Lemma 8.12 (OcunoBHas jiemma). @Qynkyus L(v) npodoasicaemes nenpe-
pviero na S myavmunaukamuenvm wuciom epawenus exp(2mip(v)) oas
AUYBUANEEVIT MUCEN BPAULEHUA.

Jl1s1 moKazaTe/IbCcTBa ITOM JIEeMMbI HY?KHO, B YaCTHOCTH, IIOKA3aTh, YTO €C-
JI [IOCJIeJIOBATEILHOCTD TOYEK, B KOTOPBIX YUCJIO BPAIEHHUS - PAIMOHAILHO,
CTPEMUTCS K TOYKE, IJIe OHO UPPALMOHAIBLHO, TO IIOCJIEI0BATEILHOCTD IIY3bI-
peil B 9TUX TOYKAX YMEHBIIAETCS B pasMepax. DTo JefCTBUTEILHO BEPHO, a
UMEHHO, UMEET MECTO CJIEAYIONIasi JIeMMa.
Lemma 8.13. Jluamemp nys3vips, cOOMBEMCMBYIOULL20 YUCAY BPAULEHUS §
PABHOMEPHO 02DAHUYEH CEEPTY BEAUMUHOU q%, 2de koncmarnma C 3asucum
moavko om omobpastcenus f. Cam nyavipo pacnosodcer 6 ducke paouyca q%,

KACaOUeMea eounuyHotl OKpYscHocmY 6 mouke €27/,
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Uraxk, B urore u3 7?7 MOXKHO 1I0JIy4nuTh, 910 L (V) HElIpepbIBHA B UPPAITHO-
HAJIbHBIX TOYKAX, & TAKXKE B TOUKaX, rye f, rurnepbosimano. OgHako f, MoxkeT
OBITH TAPAOOTUIECKIM, TIPH ITOM aPaAbOTUIECKIE TOUKNA MOTYT IOABJISITHCST
BHYTPU HHTEPBAJIOB T'HIIEPOOTUIHOCTH. DTOT CIydail ABIAETCH TEXHUIECKN
caMbIM CJIOXKHBIM. Ero paccMorpenne 3akaHunBaeT JOKA3aTETbCTBO OCHOB-
HOII JIEMMBI.

8.3 Jloka3aTreJbCTBO OCHOBHOIi JIEMMbI

B mpomuiom paszmesne Obuin copMyInpoBaHbl HEKOTOPBIE UJIEH JIOKA3ATE b
CTBa OCHOBHOI JIEMMBI. 3J1€Ch MBI €0 3aBEPIIIHM.

Lemma 8.14. Qynxyus A(v) npodosscaemes nenpepuieno no paduycam 0o
epanuys, edunuvnozo ducka gynkyuet L(v).

ITocse Toro, Kak sTa JiemMMa J0Ka3aHa, HeIpepbIBHAsI IPOIOJIKUMOCTD
dbyuKIH A(V) BIUIOTH JI0 TPAHUILI BBITEKAET U3 CJEJYIOIIErO Pe3yJIbrara
KOMIIJIEKCHOTO aHaJIN3a:

Lemma 8.15. [Tycmo A(v) — 2oa0moppnas dynkyus na omrpoimom edu-
nuvwrom ducke D, u y A(v) ecmov paduanvrod npedea L(v) npu cmpemaenuu
v K eparuue ducka no nowmu ecem paduycam. Ilycmo npedesvriyro dymryuro
L(v) mootcro nenpepuieno npodossrcums Ha OKPYHCHOCD.

Tozda \(v) nenpepuisho npodoasicaemces na D u N(v) = L(v),v € S', ede
L(v) - nenpepwisnoe npodoasicenue paduaivbiozo npedeaa.

Jlokazamenvbcmeo. Dra ieMMa CJe/[yeT U3 BeleCTBEHHOTO aHAJIOra TeOPEMbI
Koru - reopemsr [Tyaccona. A umenno, nst L(v) = lim, 1 _g A(rz) nomoxum

F(z) = L/Sl L(v)dv

2w v—z
SanuiemM aHaJormanyo GOpPMYyILy JIJisi HHTEIPUPOBAHUS 110 OKPYZKHOCTH Pa-
JIAyca T MeHbIIIe 1: TaM cooTBeTCTBYIOMMiT maTerpas Komm ot A 6ymer mpe-
CTaBJIATH caMy (PYHKITHIO \:

Arz) = 1 /S1 A(rv)dv

2mi vV—2z
YVerpemiigd r K eJIUHUIE U MIOJIB3YsICh TeopeMoii Jlebera 06 orpanuven-
HOM CXOZMMOCTH, MOTydnM, 9T0 F'(z) u ecTh paguanbblii mpegesn A\: F(z) =
lim,_,;_o A(rz), mostomy F = \. Ilpu sToM F nempepbisra B D. ]
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8.4 OTKpBITHIE BOITPOCHI

Problem 8.16. Moryt jin pasjimanbie My3bIpU EPECEKATHC !

Jlemma o mmamerpe Imy3bIpsg 77 TOBOPHUT O TOM, 9TO IIy3bIpU HE Iepece-
katorcs, ecu C'(f) mocrarodno majio. DTO BBIIOJIHEHO, HAIPUMED, TOTJA,
koryia f 6im3Ko K moBopoty. B ciydae gocraroano Gosbimoro C(f) Bompoc
0CTaeTCSA OTKPBLITHIM.

Problem 8.17. MoryT it 1y3sIp caMOIEPECEKATHCS !

Problem 8.18. Ectb jin y oTrobpazkenust Mojyieit A(v) KpuTudecKue TOIKH,
T.€. T€ TOYKH, B KOTOPBIX OHO UMEET HYJIEBYIO IPOU3BOIHYIO 1 He KOH(MOPMHO?

9 DddekT /xo03edcona

9.1 YpaBHeHus Ha TOpe

B s1o0it cepun sieknmit Mbl OyJileM pacCMaTpPUBATh HECKOJIBKO CEMENHCTB ypaB-
HEHUIT Ha JBYMEPHOM TOpe, UMeIoNuX oTHomeHne K agdekry /Ixkozedcona
B dusnke cpepxrpoBoguMoctu. OCHOBHOE ypaBHEHUE UMeeT BUJI:

& = a+bcosx + cost. (9.1)

[TockosibKy TIpaBast 9acTh 27-IMEPUOINIHA, 1T0 000MM TTepeMeHHbIM (2 U 1), 9T0
ypaBHEeHIe MOXKHO pacCMaTpuUBaTh KaK ypaBHEHME Ha JIByMEPHOM TOpe, I0-
JIy9aloMuMcs B pesyibraTte dhakTopusanuu miockoern R? 1o pemerke 2772
Bupodewm, 3agacTyio Mbl Oy/ieM paccMaTpUBATh €ro KaK ypaBHEHHE Ha ILIOC-
KOCTU (HOZLHEITI/IG YpaBHEHUA Ha TOpE Ha YHHUBEPCaJIbHYIO HaKprBaIOH_LyIO).
Nuorna na JeKIusgax 3TO ypaBHEHHe Ha3bIBaeTcd «ypaBHeHueM /JIxkozedco-
Ha», XOTsl HA3BaHUe 9TO He BIIOJHE KOPPEKTHO (& BEpHEe COBCEM HEKOPPEKT-
HO): [I7K03ebcoH OTKPBLI JIpyroe ypaBHEHHUE.

WNutepec mpejicraBiisieT Takke 0bCmpo-meoieHnas 6ePCus ITOTO YpaBHe-
HUA C MaJIbIM IIapaMETPOM [i:

T =a+ bcosx + cost;
: (9.2)
t= L.

Baech Touka osHadaer auddepeHImpoBanie 10 HOBOMY BPEMEHHU T, & t cTa-
HOBUTCsI IPOCTO BTOPOit (ha30Boii epeMenHoit ¢ = (7).
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Hakomnerr, Hac 6y/1yT nHTEpECOBATH BO3ZMYIIEHUE STUX ypaBHeHuii. Hamnpu-
Mep, TaKoe Bo3MyIeHue ypaBHenus (77):

& =a+bcosx + cost +ef(t) + dg(x), (9.3)

rje €, 6 — Masble apamerpsl, f(t), g(t) — 2m-nepuoaumanbie DYHKIIN.

9.2 OO6maga Teopusa

st mroboro ypaBHeHust Ha TOpe 06e3 0COObIX TOYEK (TAKOBBIMU SIBJISTIOTCS
BCEe PACCMOTPEHHBIE BBIIE YPABHEHUsI) ONpeJIeIeHo omobpastcerue ITyanka-
pe ¢ «BEePTUKAJIBHOW» TPaHCBepcabHO# OKpykHOCTH t = () Ha cebs, ormpe-
JIeJIEHHOE CJIETYIONTIM 00pa3oM: PACCMOTPUM TPAEKTOPUIO, IPOXOISTIIYIO Ye-
pe3 TOUKY ¢ KOODJMHATON X, U MPOJOJIKUM €€ JI0 IEPBOTO BO3BPAIIIEHUS Ha,
TpancBepcasib ¢ = (. 3HaUEHUE T-KOODJUHATHI TOUYKH I€PEeCceYeHUs — ITO
u ecthb 3HadeHne dyuriwmm P(x), 3amatomeii otobpaxenue [Tyankape. s
ypasaenuit (?7)-(??) orobpaxkenue Ilyankape coBmazaer ¢ orobpazkeHHeM
azoBoro moroka 3a Bpems 27/ (i, MOCKOJIBKY JIBUZKEHHE 110 ¢ MTPOUCXOIUT C
HOCTOAHHON CKOPOCTBIO.

N3 TeopeMbl 0 Iy1aJIKOI 3aBUCUMOCTHU PEIIEHUs OT HAYAJIbHOIO YCJIOBUA
U OrPAHUYEHHOCTU JIJIMHBI TPAeKTOpHii cieyer, 4ro orobpazkenue [lyanka-
pe gaBiisierca muddeomopdusmom okpyxkHocTu. 151 Begkoro guddeomop-
dbuzma (mmpe: romeoMopdu3Ma) OKPYKHOCTH OIPEJIEIEHO YUCAO SPAULEHUA.
HedopmaasHo roBopst, YnCI0 BpallleHusl — 3TO «CPETHUI Yoy, Ha KOTOPBI
oTOOpaKeHne MOBOPAYMBAET TOUKU OKPYKHOCTH.

B nasbneitiiem zaM OyJieT ya00HO CINTATH, YTO OKPYKHOCTH UMEET JITU-
Hy 1 u gBasierca Takum obpasom daktopom R/Z.

Definition 9.1. Ilycte f(z) — romeomopdusm okpyxRuoctu, f(r) — ero
HOJTHSATHE Ha IPAMYIO, TO €CTh 0TOOpazkeHne, copnaamoriee ¢ f(x) npu r €
[0,1) u ynosrersopsitomiee pasencty f(z + 1) = f(z) + 1. Torga unciaom
BpalleHus [ Ha3bIBAETCs [PEJIE)T

p(f) i= lim ~(f*(z) - a). (9.4)

n—oo M

Theorem 9.2 (ITyankape). IIpeden (77) scezda cywecmsyem u He 3asucum
0m MouKU, .
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Exercise 12. /loka3arh, 94T0 ecjin 0TOOparKeHne NMeeT ePUOIUIECKYIO TOU-
Ky C IIEPUOJIOM ¢, €r0 YHCJIO BPAIEHUS PAIMOHAJIBHO U IIPEJICTABIACTCS JIPO-
OBbIO CO 3HAMEHETEJIEM (.

Theorem 9.3. Bepro u obpammo. Yucao epauserue payuoHaibHo mozda U
moavko mozda, xoeda f umeem nepuoduveckue mouru. Tounee, ecau p(f) =
p/q — Hecokpamumasn dpobv, omobpasrcerue umeem nepuodudeckyo movKy
¢ nepuodom q.

9.3 43biku ApHoJbaa

ApHOJb1 MCCIeI0BAN By TADAMETPUYECKOE CeMeHCTBO OTOOParKeHH OKPY K-
HOCTH
focix— o +a+esine (9.5)

PaccmoTpuMm [mcesio Bparienusi 31oro orobpazkenue Kak (GyHKIUIO OT Hapa-
METpPOB a, €:

pla,e) == p(fae) (9.6)

Kaxk BbIDIsiIgT MHOKECTBA ypOBHEit dbyHKIMN p(a, €) Ha WIOCKOCTH (a, €)?

Exercise 13. Henoxpuxkuast Touka dbyskimn f(x) coxpaHsercs Ipu MaJblx
BOBMYIIEHHSIX TOTJIa M TOJBKO Torja, kKorga f'(x) # 1. Takue Touku Ha3bl-
BalOTCs TUITEPOOTNIECKIMU.

Ecnu orobpazkenue [ mveer parmoHaIbHOE 9HUC/IO BPAIIIEHUS, Y HET'O UMe-
f0TCsT Trepuoimdeckue TOYKU. OHM SBJISTIOTCS HETOIBUZKHBIMU TOTKAMU JIJTsT
HEKOTOPOIT uTeparuu orodbpazkenus. Keimm 91u Todkn runepOo/iniecKne, OHn
COXPAHSAIOTCS MIPU MAJIbIX IIEBEJIEHUSAX, M 3HAYUT COXPAHSIETCS JHCJIO Bpa-
menusi. Takum obpasom, Ha rpaduke p(a,e) Mpu GUKCUPOBAHHOM € MOTYT
HOSIBUTHCs CcTyneHbKU. OHI JefiCTBUTENHHO MOSBISIOTC B cemeiictse (77),
OpUIEM JIJIsE BCeX paIlMOHATbHBIX 3HadeHnit. Takum obpazom, rpaduk p(a, €)
UMeeT BHJI, TOXOXKUN Ha KAHTOPOBY JIECTHUILY.

Problem 9.4. fsnsierca in dbyukius p(a, ) réapaepopoii? Kakos mokasa-
reab [€npnepa? Kro-to camrasn?

Ha mockoctn (a, €) IMEIOTCS MHOYKECTBA yPOBHST (QDYHKIIUH p C HEILyCTOI
BHYTPEHHOCTBIO, MMEIOIIIE BUJL OCTPBIX KJIOBOB, Cy KAIONIUXCS TIPH TTPUOIH-
)xeann K ocn € = (0. OHu Ha3bIBAIOTCA A3vKAMU ApHoavda.
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9.4 HA3piku ApHoabaa «ypaBHenus /I>kozedconas

Bepnémca B mamum «ypasuenusm J[xxozedconas. Ilpu b = 0, ypaBuenue
SIBJISICTCSl MHTETPUPYEMbIM.

Exercise 14. Haiitu 1mciao BpalieHus oTodopakeHusi ¢pa30BOr0 MOTOKA 3a
nepuo, pu b = 0.

Remark 9.5. /{nga ypasuenns ?? ma miockoctu (a,b) CymiecTByOT TOJIb-
KO s13bIKH ADHOJIbJIa, COOTBETCTBYIOIIHUE TEJIbIM YUC/IaM Bparienus. JIpyrux
SI3BIKOB HET.

D10 obbaAcHsAETC TeM (DAKTOM, 9TO g2 SKBUBAJIEHTHO JPOOHO-THHEHHOMY
(MEGUMYCOBOMY ) OTOOparKEHHIO:

ay + 8
H—
Yy + 0

Drtor dakT mo3BoJgeT paszpaboTaTh METOIbI KOMIIBIOTEPHOIO ITOCTPOEHHUSI
SI3BIKOB APHOJIBJIA JIJIs1 HAIIETO ceMeiicTBa. OKa3bIBAETCsI, ITO BBITJISIIAT OHI
BEChbMa HEOOBIYHO: B YACTHOCTH, y S3BIKOB €CTh NEPeMbitkl, B KOTOPBIX OHH
HMEIOT HYJIEBYIO TOJIIUHY (M 3HAYAT B COOTBETCTBYIOMIEH TOYKE HET CTY-
[EeHbKN), CM. puc. 77.

(9.7)

Puc. 9.1: I'parunpr s361k0B ApHOJIBIA I «ypaBHeHns /lxosedconas

JIpobHo-/tHeliHBIe TTpeodpa30BaHs eIUMHIIHON OKPYKHOCTU B ce0st ObI-
BAIOT TUIIePOOINIECKUMH (/IBe HETIO/BIKHbIE TOUKH ), TapaboImIecKuMu (071-
Ha TOJIyyCTONYMBAsT HEMOJBIZKHASA TOYKA) M JUIUITUIECKUME (HEMOBUK-
HbIe TOYKH BBIXOJAT B KOMILIEKCHYIO 00JIaCTh, OJHA U3 HUX JIEXKUT BHYTPH,
a JIpyrasi BHe OKPYZKHOCTH).
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B rumnepbosmmaeckoM u 1mapaboIuIecKoOM CIydae YUCI0 BPAIEeHUsT HOJIb.
Bce menyiieBbie uncia BpaleHnsi COOTBETCTBYIO JITUITUIECKUAM JTPOOHO-THHEITHBIM
peobpa3oBaHmsiM. DTU TPeodpPa30BaHUsT SKBUBAJIEHTHBI IOBOPOTAM HE3aBU-
CUMO OT TOr'0, PAIMOHAJIBHO MJIM UPPAIMOHAIBHO YHCIO0 Bpalienud. [losro-
My A3BIKH APHOJIBIA COOTBETCTBYIOT TOJIBKO HYJIEBOMY UUC/Iy BPAIIEHUS IS
orobpazkenus Ilyankape.

[ToTokaM Ha TOpe COOTBETCTBYET MOJHsATHE oToOpakenus [lyankape Ha
IPSIMYIO, HYJEBOMY YHC/Iy BpAIeHUsl — IeJIble 9uc/a CJABura (OHU OIpejie-
AAI0TCs GOPMYIION 77 JJIst TIOJHSITOTO OTOOPAYKEHHs ).

[TosTomy s3bIkKu ApHOJIBIA JJIsI ypaBHEHUsT 7 COOTBETCTBYIOT TOJIBKO
[IEJIBIM YHC/IaM BPaIleHUs.

[Ipu mabix 3HYCHUAX b A3BIKM APHOJIBIA HAIIOMUHAIOT KJIACCUIECKYIO
KapTHUHY, TPUBEJIEHHYIO B MHOIUX yueOHukax. OHaKo rnpu OOJIBIIIX b 11010~
JKeHHe Pe3KO MeHsieTcd. | paHUIbl sI3bIKOB HAYMHAKT caMolepecekarbesa! Y
SI3BIKOB BO3HHUKAIOT TEPEMbBIUKH.

['paruIiaM si3bIKOB COOTBETCTBYIOT IMapabOInIecKne TOUKN 0TOOparKeHUsI
[Tyankape. Korya /iBe KOMIOHEHTBI TPAHUITLI TIEPECEKAIOTCs, Y OTOOPAYKEHUS
HOSIBJIAIOTCS JIBe MapabOINIecKNX HEMOJBUKHBIX TOYKH (MM OJ[HA KpaT-
HocTH BbIe JByX). Ho st MéGmycoBa mpeoGpa3oBaHUs 9TO MOKET OBITh
TOJIBKO B OJIHOM CJIydae — KOorja Ipeobpa30BaHme TOXKIECTBEHHO.

ToxtecTBeHHBIE TTPEOOPA30BAHNA UMEIOT KOPA3MEPHOCTh TPU B MHOXKE-
CTBe Bcex JipobHo-ymHeitHbX. Oqaako cemeiictso (?77) 3aBUCAT OT JABYX Ia-
pamerpoB. Kak ke MoxKeT B HEM BO3HHUKATD SIBJIEHUE KOPA3MEPHOCTH 37

Otser 6bu1 Hafimen A. Kimvernko: ypasraenne (77) o6paTuMo: OHO COXpa-
HgeT CBOI ba30BbIil TOpTper (¢ obpalleHneM BpeMeHHGI OpHeHTalnl) Ipu
samene (z,t) — (—x,—t). CiaegoBaresnbHo, orobpazkenust [lyankape neder-
HBI. A IIPOCTPAHCTBO HEYETHBLIX IpeobpasoBanuii Mébuyca aByMEpHO.

Ecim nedernoe mnpeobpazoBanme MéEOmyca mMeeT €JIMHCTBEHHYIO HETO-
JIBUKHYIO TOUKY — 310 jubo 0, mubo 7. OHa rpaHuIa KazxKioro s3blKa Co-
OTBETCTBYET HEIOJIBUXKHONI Mmapabondeckoit Touke 0, a japyras m. Ha stom
OCHOBaH OBICTPBII AJITOPUTM BBIUNC/IEHUSA T'PAHUI] A3BIKOB, IPEJJIOXKEHHBIH
B. Kirennpranim.

YucieHublii anan3 1oKa3aj HOBOE Y/IUBUTEIHLHOE CBOHCTBO: BCe Iepe-
MBIYKH k-TO sI3bIKa JIeXKaT Ha BepTUKajae a = k. DTOT yIUBUTEIbHBIN (daKkT
6bLT HeJaBHO 0ObsicHeH (Mokasza) A. [JIymoKoM ¢ MOMOIIBIO TeOpHH HOP-
MaJIbHBIX (POPM HUPPEryadpHbIX JUHEHHBIX ypaBHeHuii. JlokazaTeabcTBO uc-
OJIb3yeT cBoiicTBa onepaTopoB CToOKcA.

Qu3nKM 3METUJIN, 9TO T'PAHUIILI SI3IKOB HAIIOMUHAIOT GyHKIMU becces.
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O1HaKO 9TO CXOJCTBO HAOJIIOMAETCST TOJIBKO MPHU OOJBIUX b; Ipu Majbix b
PaCXOo:K/IeHIEe BUIHO HEBOOPYKEHHBIM IJIa30M. B culy aHaJIUTHIHOCTH 3TO
03HAYAET, 9TO TOYHOTO COBIIAJIEHUsI IPAHUIl A3BIKOB ¢ (pyHKIIAMEI becces
ver Hurgae. CoBIagalOT TOJBKO IJIABHBIE YIEHBI aCUMITOTHKH. A MMEHHO,
dyuxmuu Beccens 3amaorces popMyoit

1

~or

2m
Ji(D) / (t — bsint)dt,
0
rie k — nomep dbyuxnun Beccers.
B. Kiueniipra, A. Kimmvenko u O. PoMackeBUY JI0Ka3a/i Te€OpEMY.

Theorem 9.6. ['panuyv k-20 asvika Aproavda ors ypasnenus 17 acumn-
momuuecku npubsuscaromes gyruryuamu Becceas:

5u(B) — k= £ Ju(b) + O(%)

npu b — oo.

Ucnonb3ys teoputo ObicTpo-Me ienabix cucteM, B. Kaenmpn n 1. [y-
POB CO3/IAJIM aJITOPUTM U [IPOTPAMMY BBIYHC/IEHHs sI3bIKOB B ypaBHeHun (77).
[Ipu p = 0.05 sra kapruna umeer Buji. Ha pucynke 77 BUIHO, YTO IpO-
CTPAHCTBO IapaMeTPOB JEJIUTCH Ha TPHU OOJACTU C PA3JUYHBIM IPee/Tb-
HBIM TIOBEJICHUEM SI3BIKOB NP MaJIbIX . B obaacmu A, 3agaHHON HepaBeH-
ctBoM a < b — 1, a3biku ToHKHE. B obaacmu B, 3a7aHHON HEpaBEHCTBOM
b—1 < a < b+ 1 rpanunsl g3bIKOB COJIMKAIOTCA, A3BIKH CTAHOBATCH <«TOJI-
CTBIMHU» ¥ HAYUHAIOT 3aHUMATh ITPAKTUYECKN BCIO IIJIOCKOCTDh B ITPOCTPAHCTBE
napameTpoB. Hakonern, B obaacmu C, 3a7anHoil HepaBeHCTBOM a > b + 1,
IPAHUIIBI ST3BIKOB 00PA3YIOT «IapKEeT» W HAOJIONAIOTCS IEePEMBIUYKNA. DTO TI0-
BeJieHUE O0'bSICHSIICTCS PA3/IMIbIM YCTPONCTBOM TaK HA3BIBAEMOI «Me I IeHHO
KpUBOii» (MHOXKECTBY HYyJIell IpaBoil dacTu ypaBHeHUsI Ha ): B objgactu A
Me/IJIeHHAs KpUBas OTCYTCTBYET, B 007acTH B OHa cTATHBaeMa, a B 00JIacTu
C ona pacuajiaeTcs Ha J[BE HECTATUBAEMbIe KPUBBIE.

Crucok JuTepaTyphbl

[1] C.Pugh, M.Shub, A.Wilkinson Holder foliations, revisited,
2011 — 2012(?)
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Puc. 9.2: {3wpikn Aprossaa st g = 0.05
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